$ 0 HWDıQRWDWLRQ IRU3 URWRFRO$ QDO“ VLV^⌉

,ȷ&HUYHVDWR 1ȷ$ȷ’ XUJLQ 3ȷ’ ȷ/ LQFROQ -ȷ&ȷ0 LWFKHOO $ ȷ6FHGURY

&RP SXWHU6FLHQFH/ DE &RP SXWHU6FLHQFH’ HSWȷ 0 DWKHP DWLFV’ HSWȷ 65, ,QWHUQDWLRQDO 6WDQIRUG8 QLYHUVLW“ 8 QLYHUVLW“ RI 3HQQV“ OYDQLD 0 HQOR3DUNffl&$ 6WDQIRUGffl&$ ø˚¯´¸ıø´˚¸ 3KLODGHOSKLDffl3$ OLQFROQ# FVOȷVULȷFRP ILOLDQRfflQDGfflMFP J# FVȷVWDQIRUGȷHGX DQGUH# FLVȷXSHQQȷHGX

$ EVWUDFW

0 RVWIRUP DODSSURDFKHVWRVHFXULW“ SURWRFRODQDO“VLV DUHEDVHGRQDVHWRI DVVXP SWLRQVFRP P RQO“ UHIHUUHGWR DVWKH?’ ROHYı¡DRP RGHOȷΠ ,QWKLVSDSHUfflZHXVHDP XOı WLVHWUHZULWLQJ IRUP DOLVP fflEDVHGRQOLQHDUORJLFfflWRVWDWH WKHEDVLFDVVXP SWLRQVRI WKLVP RGHOȷ £ FKDUDFWHULVWLFRI RXUIRUP DOLVP LVWKHZD“ WKDWH[LVWHQWLDOTXDQWLpFDWLRQ SURYLGHVDVXFFLQFWZD“ RI FKRRVLQJ QHZ YDOXHVffl VXFK DVQHZ NH“VRUQRQFHVȷ : HGHpQHDFODVVRI WKHRULHV LQWKLVIRUP DOLVP WKDWFRUUHVSRQGWR pQLWHıOHQJWKSURı WRFROVfflZLWKDERXQGHGLQLWLDOL]DWLRQSKDVHEXWDOORZLQJ XQERXQGHGO“ P DQ“ LQVWDQFHVRI HDFKSURWRFROUROHffHȷJȷffl FOLHQWfflVHUYHUfflLQLWLDWRUfflRUUHVSRQGHUfiȷ 8 QGHFLGDELOLW“ LVSURYHGIRUDUHVWULFWHGFODVVRI WKHVHSURWRFROVfflDQG SVSDFHıFRP SOHWHQHVVLVFODLP HGIRUDFODVVIXUWKHUUHı VWULFWHGWR KDYHQR QHZ GDWDffQRQFHVfiȷ 6LQFHLWLVD IUDJP HQWRI OLQHDUORJLFffl ZHFDQ XVHRXUQRWDWLRQ GLı UHFWO“ DVLQSXWWR OLQHDUORJLF WRROVffl DOORZLQJ XVWR GR SURRI VHDUFKIRUDWWDFNVZLWKUHODWLYHO“ OLWWOHSURJUDP ı P LQJ HoRUWffl DQG WR IRUP DOO“ YHULI“ SURWRFROWUDQVIRUı P DWLRQVDQGRSWLP L]DWLRQVȷ

ˇ ,QWURGXFWLRQ

,Q WKH OLWHUDWXUH RQ VHFXULW“ SURWRFROGHVLJQ DQG DQDO“ VLVffl SURWRFROVDUHFRP P RQO“ GHVFULEHG XVLQJ DQ LQIRUP DOQRWDWLRQ WKDWOHDYHVP DQ“ SURSHUWLHVRI D SURWRFROXQVSHFLpHGȷ )RUH[DP SOHfflDVKRUWFKDOOHQJHı UHVSRQVHVHFWLRQ RI D SURWRFROP LJKWEHZULWWHQ OLNH WKLVÆ ϖ ⌊÷ ϱÆ IQJ_▷ ϱ⌊÷ ϖ Æ II ffQfiJ_▷ ⌉ 3DUWLDOO“ VXSSRUWHG E“ ’ R’ 0 8 5 , ?6HP DQWLF &RQVLVWHQF“ LQ,QIRUP DWLRQ( [FKDQJHΠ DV2 1 5 * UDQW1 ´´ ´ ˇ˚ ıøæıˇ ı´ ¸ ´¸ fflDQG E“ 1 6) * UDQWV&&5 ıø¸ ´ øø¯ˇ ffl&&5 ıøß˘ øæ¸ ˚fflDQG&&5 ıøœ´ ´æœ¸ WRYDULRXVDXWKRUVȷ

,QWKLVQRWDWLRQfflDP HVVDJHRI WKHIRUP I♭ J_♮ FRQVLVWV RI DSODLQWH[W♭ HQFU“ SWHGZLWKNH“ ♮ ȷ,QWKLVH[DP SOH SURWRFROffl$ OLFHFKRRVHVDUDQGRP QXP EHUQDQGVHQGV LWVHQFU“ SWLRQWR%REȷ 7KHUHLVQRVSHFLpF LQGLFDWLRQ RI KRZ %RE GHWHUP LQHVZKDWWRVHQGLQUHVSRQVHfflEXW ZHFDQVHHWKDW%RE UHWXUQVDP HVVDJHWKDWFRQWDLQV WKHHQFU“ SWLRQRI I ffQfiȷ %“ DQDORJ“ ZLWKIDP LOLDUSURı WRFROVfflZHP LJKWDVVXP HWKDWKHGHFU“ SWVWKHP HVVDJH KHUHFHLYHVWR GHWHUP LQHQffl WKHQ DSSOLHVI WR Q DQG UHWXUQVWKHUHVXOWWR $ OLFHffHQFU“ SWHG ZLWK WKHVDP H NH“ fiȷ

$ VZULWWHQffl WKHSURWRFROGHVFULSWLRQ RQO“ JLYHVDQ LQWHQGHGWUDFHRUIDP LO“ RI WUDFHVLQYROYLQJ WKHKRQHVW SULQFLSDOVȷ7KHUHLVQRVWDQGDUGZD“ RIGHWHUP LQLQJ WKH LQLWLDOFRQGLWLRQVRUDVVXP SWLRQVDERXWVKDUHGLQIRUP Dı WLRQfflQRUFDQZHVHHKRZ WKHSULQFLSDOVZLOOUHVSRQGWR P HVVDJHVWKDWGLoHUIURP WKRVHH[SOLFLWO“ ZULWWHQȷ )RU H[DP SOHfflLQWKHFDVHDWKDQGfflZHP XVWH[SODLQLQ( Qı JOLVKWKDW▷ LVDVVXP HGWREHDVKDUHGNH“ DQGWKDWQ LVJHQHUDWHGE“ $ OLFHȷ 2 WKHUZLVHfflLWLVDSHUIHFWO“ UHDı VRQDEOHLQWHUSUHWDWLRQRI WKHWZROLQHVDERYHWKDW$ OLFH DQG%RE LQLWLDOO“ VKDUHDQXP EHUQȷ,QWKLVFDVHffl$ OLFH P LJKWVHQGIQJ_▷ WR%REfflZLWK%RE UHWXUQLQJ II ffQfiJ_▷ WR$ OLFHRQO“ LI KHUHFHLYHVSUHFLVHO“ IQJ_▷ ȷ : KLOHWKH WZRUHDGLQJVRI WKHSURWRFROJLYHWKHVDP HVHTXHQFHRI P HVVDJHVZKHQ QR RQHLQWHUIHUHVZLWK QHWZRUNWUDQVı P LVVLRQffl WKHHoHFWVDUHGLoHUHQWLI DQ LQWUXGHULQWHUı FHSWVWKHP HVVDJHIURP $ OLFHWR %RE DQG UHSODFHVLW ZLWK DQRWKHUP HVVDJHȷ ) RUWKLVUHDVRQffl WKHQRWDWLRQ FRP P RQO“ IRXQGLQ WKHOLWHUDWXUHGRHVQRWSURYLGHD SUHFLVHEDVLVIRUVHFXULW“ SURWRFRODQDO“ VLVȷ

0 RVWIRUP DODSSURDFKHVWR SURWRFRODQDO“ VLVDUH EDVHGRQDUHODWLYHO“ DEVWUDFWVHWRI P RGHOLQJ DVVXP Sı WLRQVfflFRP P RQO“ UHIHUUHGWRDVWKH?’ ROHYı¡DRP RGHOfflΠ ZKLFKDSSHDUWRKDYHGHYHORSHGIURP SRVLWLRQVWDNHQ E“ 1 HHGKDP DQG6FKURHGHU¿˘ß@DQGDP RGHOSUHVHQWHG E“ ’ ROHYDQG¡DR¿ˇˇ@ȷ,QWKLVDSSURDFKfflP HVVDJHVDUH FRP SRVHGRI LQGLYLVLEOHDEVWUDFWYDOXHVfflQRWVHTXHQFHV ˇ

RI ELWVfflDQGHQFU“ SWLRQLVP RGHOHGLQDQLGHDOL]HGZD“ȷ

$ OWKRXJK WKH VDP H EDVLF P RGHOLQJ DVVXP SWLRQVDUH

XVHG LQ WKHRUHP SURYLQJ ¿˘æ@ffl P RGHOıFKHFNLQJ P HWKı

RGV¿ˇœffl˘´ffl˘¸ffl˘œffl˘ø@DQGV“ P EROLF VHDUFKWRROV¿ˇæ@ffl

WKHUHGRHVQRWDSSHDUWREHDQ“ VWDQGDUGSUHVHQWDWLRQ

RI WKH’ ROHYı¡DRP RGHODVLWLVFXUUHQWO“ XVHGLQDYDı

ULHW“ RI SURMHFWVȷ 2 QHJRDORI WKLVSDSHULVWRLGHQWLI“

WKHP RGHOLQJ DVVXP SWLRQVXVLQJ WKHVLP SOHVWIRUP DOLVP

SRVVLEOHfflVRWKDWWKHVWUHQJWKVDQGZHDNQHVVHVRI WKH

’ ROHYı¡DRP RGHOFDQEHDQDO“ ]HGfflDSDUWIURP SURSHUı

WLHVRI ORJLFVRUDXWRP DWHGWRROVLQZKLFKWKHP RGHOLV

FRP P RQO“ XVHGȷ

: KLOHZHEHJDQZLWKWKHLGHDRI FUHDWLQJ DQHZ IRUı

P DOLVP IRUWKLVSXUSRVHffl ZHQDWXUDOO“ JUDYLWDWHG WRı

ZDUGVRP HIRUP RI UHZULWLQJfflVRWKDWSURWRFROH[HFXı

WLRQFRXOGEHFDUULHGRXWV“ P EROLFDOO“ȷ ,QDGGLWLRQWR

UHZULWLQJ WR HoHFWVWDWH WUDQVLWLRQVffl ZHDOVR QHHGHG

DZD“ WR FKRRVHQHZ YDOXHVfflVXFK DVQRQFHVRUNH“ Vȷ

: KLOHWKLVVHHP VGLr FXOWWR DFKLHYHGLUHFWO“ LQVWDQı

GDUG UHZULWLQJ IRUP DOLVP Vffl WKHSURRI UXOHVDVVRFLDWHG

ZLWKH[LVWHQWLDOTXDQWLpFDWLRQDSSHDUVWREHMXVWZKDW

LVUHTXLUHGȷ 7KHUHIRUHffl ZHKDYHDGRSWHG DQRWDWLRQffl pUVWSUHVHQWHGLQ¿˘˚@fflWKDWP D“ EHUHJDUGHGDVHLWKHU

DQ H[WHQVLRQ RI P XOWLVHWUHZULWLQJ ffVHHffl HȷJȷffl ¿¯ffl ˚@fiffl

ZLWKH[LVWHQWLDOTXDQWLpFDWLRQfflRUD+RUQIUDJP HQWRI

OLQHDUORJLF ¿ˇ˚@ȷ $ VLP LODUIUDJP HQWRI OLQHDUORJLF LV

XVHGLQ¿ˇß@WRUHSUHVHQWUHDOıWLP HpQLWHıVWDWHV“ VWHP Vȷ

7ZRRWKHUHoRUWVXVLQJ OLQHDUORJLFWRP RGHOWKHVWDWHı

WUDQVLWLRQDVSHFWRISURWRFROVffEXWQRWH[LVWHQWLDOTXDQı

WLpFDWLRQIRUQRQFHVfiDUH¿œfflø@ȷ

8 VLQJ WKLVIRUP DOLVP fflLWLVUHODWLYHO“ VWUDLJKWIRUZDUG

WRFKDUDFWHUL]HWKH’ ROHYı¡DRLQWUXGHUDQGDVVRFLDWHG

FU“ SWRJUDSKLFDVVXP SWLRQVȷ 7KHIRUP DOLVP DOVRVHHP V

DSSURSULDWHIRUDQDO“ ]LQJ WKHFRP SOH[LW“ RI SURWRFRO

SUREOHP VfflDQGDVDSRWHQWLDOLQWHUP HGLDWHODQJXDJHIRU

V“ VWHP VRUDSSURDFKHVWKDWP LJKWFRP ELQHVHYHUDOGLIı

IHUHQWSURWRFRODQDO“ VLVWRROVȷ: HGHYHORS DIRUP DWIRU

SUHVHQWLQJ pQLWHıOHQJWKSURWRFROVfflDVWKHGLVMRLQWXQLRQ

RI DVHWRI LQLWLDOL]DWLRQUXOHVDQGVHWVRI LQGHSHQGHQW

WUDQVLWLRQ UXOHVIRUHDFK SURWRFROSDUWLFLSDQWȷ 8 VLQJ

WKLVIRUP RI SURWRFROWKHRU“fflZHVKRZ WKDWVHFUHF“ LVDQ

XQGHFLGDEOHSURSHUW“ HYHQ LI GDWDFRQVWUXFWRUVffl P HVı

VDJHGHSWKffl P HVVDJHZLGWKffl QXP EHURI GLVWLQFWUROHVffl

UROHOHQJWKfflDQG GHSWK RI HQFU“ SWLRQDUHERXQGHGE“

FRQVWDQWVȷ ,I DQ“ RI WKHVHUHVWULFWLRQVDUHOLIWHGfflSULRU

UHVXOWVfflIRONORUHfflRUDVP DOODP RXQWRI WKRXJKWFDQEH

XVHGWRVKRZ XQGHFLGDELOLW“fflEXWZHVKRZ HYHQIRUWKH

YHU“ VP DOOIUDJP HQWZLWK RQO“ QRQFHVVHFUHF“ LVXQı

GHFLGDEOHȷ ) LQDOO“ffl ZHKDYHXVHG DOLQHDUORJLF WRROffl

/ / ) ¿¸@LQWZRZD“ Vȷ 7KHpUVWLVWRVHDUFKH[HFXWLRQV

RI DSURWRFRODQG LQWUXGHUIRUSURWRFROqDZVȷ : KLOH

V“ P EROLFVHDUFKE“ DORJLFSURJUDP P LQJ WRROLVQRWDV

Hr FLHQWDVRSWLP L]HGVHDUFKE“ WRROVVXFKDV0 XUΩ¿ˇ´@ffl

WKLVP HWKRGGRHVKDYHWKHDGYDQWDJHWKDWWKHLQSXWLV

VXEVWDQWLDOO“ HDVLHUWRSUHSDUHȷ7KHVHFRQGXVHRI / / )

LVWR IRUP DOO“ YHULI“ SURRIVRI SURWRFRORSWLP L]DWLRQVȷ

7KLVSURYLGHVDEDVLVIRUVLP SOLI“ LQJ VHDUFKıEDVHGDQDOı

“ VLVDQGWKHRUHP ıSURYLQJ DQDO“ VLVRI SURWRFROVȷ

˘ 0 XOWLVHWUHZULWLQJ ZLWK H[ LVWHQWLDO

TXDQWLpFDWLRQ

7KHQRWDWLRQZHXVHLQYROYHVIDFWVDQGWUDQVLWLRQVȷ

2 XUIDFWVDUHpUVWıRUGHUDWRP LF IRUP XODVfflDQGWUDQVLı

WLRQVDUHJLYHQ E“ UHZULWHUXOHVFRQWDLQLQJ DSUHFRQı

GLWLRQDQGSRVWFRQGLWLRQȷ 2 QHLP SRUWDQWSURSHUW“ RI

WKLVIRUP DOLVP LVWKDWLQ DSSO“ LQJ DUXOHWR DFROOHFı

WLRQRI IDFWVfflHDFKIDFWWKDWRFFXUVLQWKHSUHFRQGLWLRQ

RI WKHUXOHLVUHP RYHGȷ 7KLVJLYHVXVDGLUHFWZD“ RI

UHSUHVHQWLQJ VWDWHWUDQVLWLRQVfflDQG SURYLGHVWKHEDVLV

IRUWKHFRQQHFWLRQZLWKOLQHDUORJLFȷ$ QRWKHUNH“ SURSı

HUW“ LVWKDWWKHSRVWFRQGLWLRQVRI DUXOHP D“ FRQWDLQ

H[LVWHQWLDOO“ TXDQWLpHGYDULDEOHVȷ ) ROORZLQJ WKHVWDQı

GDUG SURRI UXOHVDVVRFLDWHG ZLWK H[LVWHQWLDOTXDQWLpı

FDWLRQffLQQDWXUDOGHGXFWLRQRUVHTXHQWıVW“ OHV“ VWHP Vfiffl

WKLVSURYLGHVDP HFKDQLVP IRUFKRRVLQJ QHZ YDOXHVWKDW

DUHGLVWLQFWIURP DQ“ RWKHULQWKHV“ VWHP ȷ

0 RUHIRUP DOO“fflRXUV“ QWD[ LQYROYHVWHUP VfflIDFWVDQG

UXOHVȷ,I ZHZDQWWRUHSUHVHQWDV“ VWHP LQWKLVQRWDWLRQffl

ZHEHJLQE“ FKRRVLQJ DYRFDEXODU“fflRUpUVWıRUGHUVLJQDı

WXUHȷ 7KLVLVDVWDQGDUGQRWLRQIURP P DQ“ ıVRUWHGDOJHı

EUDRUpUVWıRUGHUORJLF ffVHHfflHȷJȷffl¿ˇ¯fflVHFWLRQ˚ȷ̄ @ȷfi $ V

XVXDOfflWKHWHUP VRYHUDVLJQDWXUHDUHWKHZHOOıIRUP HG

H[SUHVVLRQVSURGXFHG E“ DSSO“ LQJ IXQFWLRQVWR DUJXı

P HQWVRI WKHFRUUHFWVRUWȷ$ IDFWLVDpUVWıRUGHUDWRP LF

IRUP XODRYHUWKHFKRVHQ VLJQDWXUHȷ 7KLVP HDQVWKDW

DIDFWLVWKHUHVXOWRI DSSO“ LQJ DSUHGLFDWHV“ P EROWR

WHUP VRI WKHFRUUHFWVRUWVȷ$ VWDWHLVDP XOWLVHWRI IDFWV ffDOORYHUWKHVDP HVLJQDWXUHfiȷ

$ VWDWHWUDQVLWLRQLVDUXOHZULWWHQXVLQJ WZRP XOWLı

VHWVRI IDFWVfflDQGH[LVWHQWLDOTXDQWLpFDWLRQfflLQWKHIROı

ORZLQJ V“ QWDFWLF IRUP Æ ↽

ˇ ϕυυυϕ↽_N ⌊÷ ≪♭_ˇ υυυ≪♭_Mυ⇀_ˇ ϕυυυϕ⇀_Q 7KHP HDQLQJ RIWKLVUXOHLVWKDWLIVRP HVWDWH6 FRQWDLQV IDFWV↽_ˇ ϕυυυ↽_NfflWKHQRQHSRVVLEOHQH[WVWDWHLVWKHVWDWH 6^⊇ WKDWLVVLP LODUWR6fflEXWZLWKÆ

∫ IDFWV↽_ˇ ϕυυυ↽_N UHP RYHGffl ∫ ⇀_ˇ ϕυυυ⇀_P DGGHGfflZKHUH♭_ˇ υυυ♭_M DUHUHSODFHGE“ QHZ V“ P EROVȷ : KLOHH[LVWHQWLDOTXDQWLpFDWLRQGRHVQRWVHP DQWLFDOO“ LP SO“ WKHUHH[LVW?QHZΠ YDOXHVZLWKFHUWDLQSURSHUWLHVffl

VWDQGDUGSURRIUXOHVIRUP DQLSXODWLQJ H[LVWHQWLDOTXDQı

WLpHUVUHTXLUHLQWURGXFWLRQRI IUHVKV“ P EROVffVRP HWLP HV

FDOOHG6NROHP FRQVWDQWVfifflDVGHVFULEHGEHORZȷ

,I WKHUHDUHIUHHYDULDEOHVLQWKHUXOH↽^ˇ ϕυυυϕ↽^N ⌊÷

≪♭^ˇ υυυ≪♭^Mυ⇀^ˇ ϕυυυϕ⇀^QfflWKHVHDUHWUHDWHGDVXQLYHUVDOO“

TXDQWLpHGWKURXJKRXWWKHUXOHȷ ,QDQDSSOLFDWLRQRI D

UXOHfflWKHVHYDULDEOHVP D“ EHUHSODFHGE“ DQ“ WHUP Vȷ7R

JLYHDTXLFNH[DP SOHfflFRQVLGHUWKHIROORZLQJ VWDWHffl6ffl

DQGUXOHffl5 Æ 6 I3 ffI ffDfifiϕ3 ffEfiJ 5 ff3 ff♭ fi⌊÷ ≪♯υ4 ffI ff♭ fiϕ♯fifi 2 QHSRVVLEOHQH[WVWDWHLVREWDLQHG E“ LQVWDQWLDWLQJ

WKHUXOH5 WR3 ffI ffDfifi⌊÷ ≪♯υ4 ffI ffI ffDfifiϕ♯fiȷ$ SSO“ LQJ

WKLVUXOHfflZHFKRRVHDQHZ YDOXHfflFfflIRU♯ DQGUHSODFH

3 ffI ffDfifiE“ 4 ffI ffI ffDfifiϕFfiȷ7KLVJLYHVXVWKHVWDWH 6_⊇ I4 ffI ffI ffDfifiϕFfiϕ3 ffEfiJ 7KHLP SRUWDQFHRI H[LVWHQWLDOTXDQWLpFDWLRQfflIRUVHı

FXULW“ SURWRFROVfflLVWKDWLWSURYLGHVDGLUHFWP HFKDQLVP

IRUFKRRVLQJ DQHZ YDOXHWKDWLVGLoHUHQWIURP RWKHU

YDOXHVXVHGLQWKHH[HFXWLRQRI DV“ VWHP ȷ 6LQFHP DQ“

SURWRFROVLQYROYHFKRRVLQJ IUHVKQRQFHVfflIUHVKHQFU“ Sı

WLRQ NH“ VfflDQG VR RQffl H[LVWHQWLDOTXDQWLpFDWLRQ VHHP V

OLNHDXVHIXOSULP LWLYHIRUGHVFULELQJ VHFXULW“ SURWRFROVȷ

7KHZD“ WKDWH[LVWHQWLDOTXDQWLpFDWLRQLVXVHGLQRXU

IRUP DOLVP LVEDVHGRQWKHH[LVWHQWLDOHOLP LQDWLRQUXOH

IURP QDWXUDOGHGXFWLRQȷ 7KLVSURRI UXOHLVFRP P RQO“

ZULWWHQDVIROORZVȷ ff≪ HOLP fi

¿♮ ψ ♭ @� ȷ ȷ ≪♭ υ� � � ♮ QRWIUHHLQDQ“

RWKHUK“ SRWKHVLV

,IZHKDYHDQH[LVWHQWLDOO“ TXDQWLpHGD[LRP ffl≪♭ υ�fflWKHQ

WKLVUXOHVD“ VWKDWLI ZHZLVKWRSURYHVRP HIRUP XOD�ffl

ZHFDQFKRRVHDQHZ V“ P ERO♮ IRUWKH?♭ WKDWLVSUHı

VXP HGWRH[LVWΠ DQGSURFHHGWRGHULYH� IURP ¿♮ ψ ♭@�ȷ

7KHVLGHFRQGLWLRQ?♮ QRWIUHHLQDQ“ RWKHUK“ SRWKHı

VLVLQWKHSURRI RI �Π P HDQVWKDWWKHRQO“ K“ SRWKHVLV

LQWKHSURRI RI � WKDWFDQFRQWDLQ♮ LVWKHK“ SRWKHVLV ¿♮ ψ ♭ @�ȷ

$ VDP HDQVRIH[SODLQLQJ WKH’ ROHYı¡DRLQWUXGHUDQG

HQFU“ SWLRQ P RGHOVXVLQJ RXUQRWDWLRQfflZHEHJLQZLWK

DQ RYHUO“ VLP SOLpHG IRUP RI WKH1 HHGKDP ı6FKURHGHU

SXEOLFıNH“ SURWRFRO¿˘ß@ȷ: LWKRXWHQFU“ SWLRQfflWKHFRUH

SDUWRI WKH1 HHGKDP ı6FKURHGHUSURWRFROSURFHHGVDV

IROORZVÆ ϖ ⌊÷ ϱ Æ 1^D ϱ ⌊÷ ϖ Æ 1^Dϕ1^E ϖ ⌊÷ ϱ Æ 1^E ZKHUH1^D DQG1^E DUHIUHVKQRQFHVfflFKRVHQE“ $ OLFHffϖ fi

DQG%RE ffϱfifflUHVSHFWLYHO“ȷ

: HFDQGHVFULEHWKLVVLP SOLpHGSURWRFROLQRXUQRı

WDWLRQXVLQJ WKHSUHGLFDWHVϖ^Lfflϱ^Lffl1^L IRU´ § L§ ¯ffl

ZLWKWKHIROORZLQJ LQWXLWLYHP HDQLQJÆ ϖ^Lffυυυfi $ OLFHLQORFDOVWDWHLfflZLWKWKHLQGLFDWHGGDWD ϱ^Lffυυυfi %RE LQORFDOVWDWHLfflZLWKLQGLFDWHGGDWD

1^Lffυυυfi 1 HWZRUNKDVP HVVDJHLfflZLWKLQGLFDWHGGDWD

7KHGDWDDVVRFLDWHGZLWKWKHVWDWHRI VRP HSULQFLSDOffl

RUDQHWZRUN P HVVDJHffl ZLOOGHSHQG RQ WKHSDUWLFXODU

VWDWHRUP HVVDJHȷ ( DFKSULQFLSDOEHJLQVLQORFDOVWDWH

´fflZLWKQRGDWDȷ 7KHUHIRUHfflSUHGLFDWHVϖ^´ DQGϱ^´ DUH

SUHGLFDWHVZLWKQRDUJXP HQWVȷ : KHQ$ OLFHFKRRVHVD

QRQFHfflVKHP RYHVLQWRORFDOVWDWHˇȷ 7KHUHIRUHfflSUHGLı

FDWHϖ^ˇ LVDSUHGLFDWHRI RQHDUJXP HQWfflLQWHQGHGWREH

WKHQRQFHFKRVHQE“ $ OLFHȷ6LP LODUO“fflSUHGLFDWHϱ^ˇ KDV

WZR DUJXP HQWVfflWKHGDWDUHFHLYHG IURP $ OLFHLQ P HVı

VDJHRQHRI WKHSURWRFRODQGWKHQRQFHFKRVHQE“ %RE

IRUKLVUHVSRQVHȷ

8 VLQJ WKHVHSUHGLFDWHVffl ZHFDQ VWDWHWKHSURWRFRO

XVLQJ IRXUWUDQVLWLRQUXOHVÆ ϖ^´ fffi ⌊÷ ≪♭υϖ^ˇ ff♭fiϕ1^ˇ ff♭ fi ϱ^´ fffiϕ1^ˇ ff♭fi ⌊÷ ≪♮ υϱ^ˇ ff♭ ϕ♮ fiϕ1^˘ ff♭ ϕ♮ fi ϖ^ˇ ff♭ fiϕ1^˘ ff♭ ϕ♮ fi ⌊÷ ϖ^˘ ff♭ ϕ♮ fiϕ1^¯ ff♮ fi ϱ^ˇ ff♭ ϕ♮ fiϕ1^¯ ff♮ fi ⌊÷ ϱ^˘ ff♭ ϕ♮ fi

( DFKUXOHFRUUHVSRQGVWRDQDFWLRQE“ DSULQFLSDOȷ ,Q

WKHpUVWUXOHffl $ OLFHFKRRVHVDQRQFHffl VHQGVLWRQ WKH

QHWZRUNfflDQG UHP HP EHUVWKHQRQFHE“ P RYLQJ LQWR D

ORFDOVWDWHWKDWUHWDLQVWKHQRQFHYDOXHȷ,QWKHVHFRQG

VWHSffl%RE UHFHLYHVDP HVVDJHRQWKHQHWZRUNfflFKRRVHV

KLVRZQ QRQFHffl WUDQVP LWVLWDQG VDYHVLWLQ KLVORFDO

VWDWHȷ ,QWKHWKLUGVWHSffl$ OLFHUHFHLYHV%REΩVP HVVDJH

DQGUHSOLHVfflZKLOHLQWKHIRXUWKVWHS%REUHFHLYHV$ OLFHΩV pQDOP HVVDJHDQGFKDQJHVVWDWHȷ

,Q 7DEOHˇ LVDVDP SOHWUDFHJHQHUDWHG IURP WKHVH

UXOHVfflEHJLQQLQJ IURP VWDWHϖ^´ ϕϱ^´ ȷ 6SDFLQJ LVXVHGWR

VHSDUDWHWKHIDFWVWKDWSDUWLFLSDWHLQ HDFK VWHS IURP

WKRVHWKDWGRQRWȷ

7KHUHDUHWZR P DLQSDUWVRI WKH’ ROHYı¡DR P RGHO

DVFRP P RQO“ XVHG LQ SURWRFRODQDO“ VLVȷ 7KHpUVWLV

WKHVHWRI SRVVLEOHLQWUXGHUDFWLRQVfflDSSOLHGQRQGHWHUı

P LQLVWLFDOO“ WKURXJKRXWH[HFXWLRQRI WKHSURWRFROȷ7KH

ϱ_´ fffiϕ ϖ_´ fffi ⌊÷ ϖ_ˇ ffQ$fiϕ1_ˇ ffQ$fiϕ ϱ_´ fffi ϖ_ˇ ffQ$fiϕ ϱ_´ fffiϕ1_ˇ ffQ$fi ⌊÷ ϱ_ˇ ffQ$ϕQ%fiϕ1_˘ ffQ$ϕQ%fiϕ ϖ_ˇ ffQ$fi ϱ_ˇ ffQ$ϕQ%fiϕ ϖ_ˇ ffQ$fiϕ1_˘ ffQ$ϕQ%fi ⌊÷ ϖ_˘ ffQ$ϕQ%fiϕ1_¯ ffQ%fiϕ ϱ_ˇ ffQ$ϕQ%fi ϖ_˘ ffQ$ϕQ%fiϕ ϱ_ˇ ffQ$ϕQ%fiϕ1_¯ ffQ%fi ⌊÷ ϱ_˘ ffQ$ϕQ%fiϕ ϖ_˘ ffQ$ϕQ%fi

VHFRQG LVD?EODFNıER[Π P RGHORI HQFU“ SWLRQ DQG GHı FU“ SWLRQȷ : HH[SODLQWKHLQWUXGHUDFWLRQVKHUHfflZLWK WKHHQFU“ SWLRQP RGHOSUHVHQWHGLQ6HFWLRQ˘ȷ̊ ȷ 7KHSURWRFRODGYHUVDU“ RU?LQWUXGHUΠ P D“ QRQGHWHUı P LQLVWLFDOO“ FKRRVHDP RQJ WKHIROORZLQJ DFWLRQVDWHDFK VWHSÆ ∫ 5 HDGDQ“ P HVVDJHDQGEORFNIXUWKHUWUDQVP LVVLRQffl ∫ ’ HFRP SRVHDP HVVDJHLQWRSDUWVDQGUHP HP EHUWKHP ffl ∫ * HQHUDWHIUHVKGDWDDVQHHGHGffl ∫ &RP SRVHDQHZ P HVVDJHIURP NQRZQGDWDDQGVHQGȷ %“ FRP ELQLQJ DUHDGZLWKUHVHQGfflZHFDQHDVLO“ REWDLQ WKHHoHFWRI SDVVLYHO“ UHDGLQJ DP HVVDJHZLWKRXWSUHı YHQWLQJ DQRWKHUSDUW“ IURP DOVRUHFHLYLQJ LWȷ ,Q JHQHUDOffl WKH LQWUXGHU SURFHVVHV GDWD LQ WKUHH SKDVHVȷ 7KHpUVWLVWRUHDGDQGGHFRP SRVHGDWDLQWR SDUWVȷ 7KHVHFRQGLVWRUHP HP EHUSDUWVRI P HVVDJHVffl DQGWKHWKLUGLVWRFRP SRVHDP HVVDJHIURP SDUWVLWUHı P HP EHUVȷ : HLOOXVWUDWHWKHEDVLF IRUP RI WKHLQWUXGHU DFWLRQVXVLQJ RQHXQDU“ QHWZRUNıP HVVDJHSUHGLFDWH1_ˇ DQGRQHELQDU“ QHWZRUNıP HVVDJHSUHGLFDWH1_˘ ȷ 8 VLQJ SUHGLFDWHVφ IRUGHFRP SRVDEOHP HVVDJHVDQG0 IRUWKH LQWUXGHU?P HP RU“ ΠfflWKHEDVLFUXOHVIRULQWHUFHSWLQJfflGHı FRP SRVLQJ DQGUHP HP EHULQJ P HVVDJHVDUH

1_ˇ ff♭ fi ⌊÷ φ ff♭ fi 1_˘ ff♭ ϕ♮ fi ⌊÷ φ ff♭ ϕ♮ fi φ ff♭ϕ♮ fi ⌊÷ φ ff♭ fiϕφ ff♮ fi φ ff♯fi ⌊÷ 0 ff♯fi : KLOHWKHSUHGLFDWHφ P D“ DSSHDUWREHDQXQQHFHVı VDU“ LQWHUP HGLDU“ KHUHfflDSURWRFROZLWKP RUHFRP SOLı FDWHGP HVVDJHVZLOOOHDGWRP RUHLQWHUHVWLQJ ZD“ VRIGHı VWUXFWXULQJ P HVVDJHVȷ$ VQRWHGLQ¿æ@fflLWLVLP SRUWDQWLQ SURRI VHDUFKWRVHSDUDWHWKHGHFRP SRVLWLRQSKDVHIURP WKHFRP SRVLWLRQSKDVHfflZKLFKLVDFFRP SOLVKHGKHUHXVı LQJ VHSDUDWHφ DQGς SUHGLFDWHVȷ 7KHUXOHVIRUFRP ı SRVLQJ P HVVDJHVIURP SDUWVDUHZULWWHQ XVLQJ WKHςffl IRU?FRP SRVDEOHΠfflSUHGLFDWHDVIROORZVÆ 0 ff♭ fi ⌊÷ ςff♭fiϕ0 ff♭ fi ςff♭ fi ⌊÷ 1_ˇ ff♭ fi ςff♭ fiϕςff♮ fi ⌊÷ ςff♭ϕ♮ fi ςff♭ ϕ♮ fi ⌊÷ 1_˘ ff♭ ϕ♮ fi

7KHUXOHIRUJHQHUDWLQJ QHZ GDWDLV ⌊÷ ≪♭υ0 ff♭ fi 7KHUHDVRQZHQHHGWKHODVWWUDQVLWLRQUXOHffZKLFKFDQ EHDSSOLHGDQ“ WLP HZLWKRXWDQ“ K“ SRWKHVLVfiLVWKDWWKH LQWUXGHUP D“ QHHGWRFKRRVHQHZ GDWDLQRUGHUWRWULFN DQKRQHVWSDUWLFLSDQWLQDSURWRFROȷ7KLVLVLOOXVWUDWHG LQWKHIROORZLQJ DWWDFNRQWKHVLP SOLpHGffDQGREYLRXVO“ LQVHFXUHfiIRUP RI WKH1 HHGKDP ı6FKURHGHUSURWRFROȷ )RUWKHVLP SOLpHGH[DP SOHDWKDQGfflZHFDQFRP SRVH UXOHVWRHOLP LQDWHWKHφ DQGς SUHGLFDWHVDVIROORZVÆ

1_ˇ ff♭fi ⌊÷ 0 ff♭fi 0 ff♭fi ⌊÷ 1_ˇ ff♭ fiϕ0 ff♭ fi 1_˘ ff♭ϕ♮ fi ⌊÷ 0 ff♭fiϕ0 ff♮ fi 0 ff♭fiϕ0 ff♮ fi ⌊÷ 1_˘ ff♭ ϕ♮ fiϕ0 ff♭ fiϕ0 ff♮ fi 1_¯ ff♭fi ⌊÷ 0 ff♭fi 0 ff♭fi ⌊÷ 1_¯ ff♭ fiϕ0 ff♭ fi 7KLVUHGXFHVWKHQXP EHURI VWHSVLQWKHWUDFHfflVKRZQ LQ7DEOH˘fflZKLFKKDVDFWLRQVRI WKHKRQHVWSDUWLFLSDQWV LQWKHOHIWFROXP QDQGDFWLRQVRI WKHLQWUXGHULQGHQWHGȷ ) RUVLP SOLFLW“fflGXSOLFDWHFRSLHVRI 0 ff fi IDFWVDUHQRW VKRZQfflVLQFHWKHVHKDYHQR HoHFWRQWKHH[HFXWLRQRI WKHSURWRFRORULQWUXGHUȷ

,QWKLVDWWDFNfflWKHLQWUXGHULQWHUFHSWVP HVVDJHVEHı WZHHQϖ DQGϱfflUHSODFLQJ GDWDVR WKDWWKHWZR SULQı FLSDOVKDYHDGLoHUHQWYLHZ RI WKHP HVVDJHVWKDWKDYH EHHQH[FKDQJHGȷ6SHFLpFDOO“fflWKHLQWUXGHUUHSODFHV$ Oı LFHΩVQRQFHQ$ E“ D YDOXHQ FKRVHQ E“ WKHLQWUXGHUȷ : KHQ %RE UHVSRQGVWR WKHDOWHUHG P HVVDJHffl WKHLQı WUXGHULQWHUFHSWVWKHUHVXOWDQG UHSODFHVQ E“ Q$ VR WKDW$ OLFHUHFHLYHVWKHP HVVDJHVKHH[SHFWVȷ

7KHFRP P RQO“ XVHG?EODFNıER[Π P RGHORI HQFU“ Sı WLRQ P D“ EH ZULWWHQ LQ RXUP XOWLVHWQRWDWLRQ XVLQJ WKHIROORZLQJ YRFDEXODU“ȷ ) RUFRQFUHWHQHVVfflZHGLVFXVV SXEOLFıNH“ HQFU“ SWLRQȷ 6“ P P HWULF RUSULYDWHıNH“ HQı FU“ SWLRQ FDQ EHFKDUDFWHUL]HG VLP LODUO“ȷ : HDVVXP H WKDWSODLQWH[WVKDYHVRUWSODLQDQGFLSKHUWH[WVKDYHVRUW FLSKHUȷ

ϱ^´ fffiϕϖ^´ fffi ,QLWLDOFRQpJXUDWLRQ

⌊÷ ϖ^ˇ ffQ$fiϕ1^ˇ ffQ$fiϕϱ^´ fffi $ OLFHFKRRVHVQRQFHDQGVHQGV

⌊÷ ϖ^ˇ ffQ$fiϕϱ^´ fffiϕ0 ffQ$fi ,QWUXGHULQWHUFHSWVP HVVDJHQ$

⌊÷ ϖ^ˇ ffQ$fiϕϱ^´ fffiϕ0 ffQ$fiϕ0 ffQfi ,QWUXGHUJHQHUDWHVIUHVKYDOXHQ

⌊÷ ϖ^ˇ ffQ$fiϕ1^ˇ ffQfiϕϱ^´ fffiϕ0 ffQ$fiϕ0 ffQfi ,QWUXGHUVHQGVQWR%RE

⌊÷ ϱ^ˇ ffQϕQ%fiϕ1^˘ ffQϕQ%fiϕϖ^ˇ ffQ$fiϕ0 ffQ$fiϕ0 ffQfi %RE UHFHLYHVfflJHQHUDWHVQRQFHfflUHSOLHV

⌊÷ ϖ^ˇ ffQ$fiϕϱ^ˇ ffQϕQ%fiϕ0 ffQ$fiϕ0 ffQfiϕ0 ffQ%fi ,QWUXGHULQWHUFHSWVP HVVDJHZLWKQ

⌊÷ ϖ^ˇ ffQ$fiϕ1^˘ ffQ$ϕQ%fiϕϱ^ˇ ffQϕQ%fiϕ0 ffQ$fiϕ0 ffQfiϕ0 ffQ%fi ,QWUXGHUVHQGVP HVVDJHZLWKQ$

⌊÷ ϖ^˘ ffQ$ϕQ%fiϕ1^¯ ffQ%fiϕϱ^ˇ ffQϕQ%fiϕ0 ffQ$fiϕ0 ffQfiϕ0 ffQ%fi $ OLFHUHFHLYHVDQGUHVSRQGV

⌊÷ ϱ^˘ ffQϕQ%fiϕϖ^˘ ffQ$ϕQ%fiϕ0 ffQ$fiϕ0 ffQfiϕ0 ffQ%fi %RE FKDQJHVWRpQDOVWDWHfflLQGLFDWLQJ

VXFFHVVIXOFRP SOHWLRQRI SURWRFRO

∫ $ GGLWLRQDOVRUWVÆHNH“ϕGNH“

∫ 3UHGLFDWHÆ. H“ SDLUffHNH“ϕGNH“fi

∫ )XQFWLRQÆHQFÆHNH“ ⌈ SODLQ÷ FLSKHU

: H FRXOG DOVR LQFOXGH D GHFU“ SWLRQ IXQFWLRQ GHF Æ

GNH“ ⌈ FLSKHU÷ SODLQȷ +RZHYHUfflLWVHHP VVLP SOHUWR

ZULWHSURWRFROVXVLQJ SDWWHUQıP DWFKLQJ ffHQFU“ SWLRQRQ

WKHOHIWıKDQGıVLGHRI DUXOHfiWRH[SUHVVGHFU“ SWLRQȷ

( [ DP SOH 7KH FRUH 1 HHGKDP ı6FKURHGHU SURWRFRO

ZLWKHQFU“ SWLRQEHJLQVZLWKHDFKSULQFLSDOJHQHUDWLQJ

DQGSXEOLVKLQJ DNH“ SDLUȷ 7KHUHIRUHWKH?ORFDOVWDWH

´Π SUHGLFDWHIRUHDFKSULQFLSDOZLOOFRQWDLQDNH“ SDLUȷ

)RUH[DP SOHffl%REΩVLQLWLDODFWLRQVFDQEHVWDWHGDVWKH

IROORZLQJ UXOHVÆ ⌊÷ ≪NÆHNH“υ≪N_⊇ ÆGNH“υϱ^´ ffNfiϕ . H“ SDLUffNϕN_⊇fi ϱ^´ ffNfi ⌊÷ $QQRXQFHffNfiϕϱ^´ ffNfi

7KHpUVWUXOHffZLWKRXWK“ SRWKHVHVfi OHWV%RE JHQHUDWH

DNH“ SDLUfflZKLOHWKHVHFRQGDQQRXQFHVWKHSXEOLF NH“

VR WKDWRWKHUSULQFLSDOVFDQ FKRRVHWR FRP P XQLFDWH

ZLWK %REȷ $ OLFHVLP LODUO“ FKRRVHVDQG SXEOLVKHVKHU

SXEOLF NH“ȷ $ IWHUGRLQJ VRfflVKHFKRRVHVDSULQFLSDOWR

FRP P XQLFDWHZLWK IURP WKHVHWRI DQQRXQFHG SXEOLF

NH“ VDQGWUDQVP LWVDP HVVDJHȷ ϖ^´ ffNfiϕ$QQRXQFHffN_⊇fi ⌊÷ ≪♭ υϖ^ˇ ffNϕN_⊇ϕ♭ fiϕ 1^ˇ ffHQFffN_⊇ϕK♭ ϕNLfifiϕ $QQRXQFHffN_⊇fi

7KHIROORZLQJ WUDQVLWLRQ UXOHWKHQ DOORZV%RE WR GHı

FU“ SWWKHP HVVDJHIURP $ OLFHȷ ϱ^´ ffNfiϕ1^ˇ ffHQFffNϕK♭ ϕN_⊇Lfifi ⌊÷ ≪♮ υϱ^ˇ ffNϕN_⊇ϕ♭ ϕ♮ fiϕ 1^˘ ffHQFffN_⊇ϕK♭ ϕ♮ Lfifi

$ FRP SOHWHSUHVHQWDWLRQZLWKVOLJKWO“ P RUHJHQHUDOLQLı

WLDOL]DWLRQVWHSVLVJLYHQLQ$ SSHQGL[ $ fflIRUWKHLQWHUı

HVWHGUHDGHUȷ

,QWUXGHU 7RP RGHOWKHHQFU“ SWLRQFDSDELOLWLHVRI WKH

LQWUXGHUfflZHDGG DGHFRP SRVLWLRQ DQG DFRP SRVLWLRQ

UXOHWR WKHLQWUXGHUP RGHOȷ 7KHGHFRP SRVLWLRQ UXOH

DOORZVWKHLQWUXGHUWRGHFU“ SWDP HVVDJHffRUSDUWRI D

P HVVDJHfiZKHQWKHGHFU“ SWLRQNH“ LVNQRZQȷ φ ffHQFffNffl♭ fifiϕ. H“ SDLUffNϕN_⊇fiϕ0 ffN_⊇fi

⌊÷ φ ff♭ fiϕ. H“ SDLUffNϕN_⊇fiϕ0 ffN_⊇fi

7KHFRP SRVLWLRQ UXOHDOORZVWKHLQWUXGHUWR HQFU“ SW

DP HVVDJHZLWK DQ“ HQFU“ SWLRQNH“ NQRZQWR WKHLQı

WUXGHUȷ 0 ffNfiϕςff♭ fi⌊÷ ςffHQFffNffl♭ fifiϕ0 ffNfi ¯ %RXQGHG SURWRFROV

,WLVUHODWLYHO“ VWUDLJKWIRUZDUG WR XVHWKHP XOWLVHW

UHZULWLQJ IUDP HZRUNVXP P DUL]HGLQWKHSUHFHGLQJ VHFı

WLRQWRGHVFULEHpQLWHıVWDWHDQGLQpQLWHıVWDWHV“ VWHP Vȷ

8 VLQJ IXQFWLRQV“ P EROVfflLWLVSRVVLEOHWRGHVFULEHFRP ı

SXWDWLRQRYHUXQERXQGHGGDWDW“ SHVȷ ,QSDUWLFXODUfflLW

LVHDV“ WRHQFRGHFRXQWHUP DFKLQHVRU7XULQJ P DFKLQHVffl

LP SO“ LQJ WKDWLP SOLFDWLRQLVXQGHFLGDEOHȷ+RZHYHUfflWKH

SULQFLSDODXWKHQWLFDWLRQDQGVHFUHF“ SURWRFROVRI LQWHUı

HVWDUHDOORI ERXQGHG OHQJWK ffVHH¿ß@IRUD UHOHYDQW

VXUYH“ fiȷ

,QRUGHUWRVWXG“ pQLWHıOHQJWKSURWRFROVP RUHFDUHı

IXOO“fflZHLGHQWLI“ WKHV“ QWDFWLF IRUP RI DFODVVRI ZHOOı

IRXQGHG SURWRFROWKHRULHVffl FDOOHG VLP SO“ ZHOOıIRXQGHG

WKHRULHVLQWKLVSDSHUȷ

6RP HSUHOLP LQDU“ GHpQLWLRQVLQYROYHWKHZD“ VWKDWD IDFWP D“ EHFUHDWHGfflSUHVHUYHGfflRUFRQVXP HGE“ DUXOHȷ : KLOHP XOWLSOHFRSLHVRI VRP HIDFWVP D“ EHQHHGHGLQ VRP HGHULYDWLRQVfflZHDUHDEOHWRHOLP LQDWHWKHQHHGIRU P XOWLSOHFRSLHVRI FHUWDLQIDFWVȷ

’ HpQLWLRQ ˇ ȷ $ UXOHO÷ ULQ DWKHRU“ " FUHDWHV3 IDFWVLI VRP H3 ffaWfiRFFXUVP RUHWLP HVLQUWKDQLQOȷ $ UXOHO÷ ULQDWKHRU“ " SUHVHUYHV3 IDFWVLI HYHU“ 3 ffaWfi RFFXUVWKHVDP HQXP EHURI WLP HVLQ UDQG Oȷ $ UXOH O÷ ULQDWKHRU“ " FRQVXP HV3 IDFWVLI VRP HIDFW3 ffaWfi RFFXUVP RUHWLP HVLQOWKDQLQUȷ $ SUHGLFDWH3 LQD WKHRU“ " LVSHUVLVWHQWLI HYHU“ UXOHLQ" ZKLFKFRQWDLQV 3 HLWKHUFUHDWHVRUSUHVHUYHV3 IDFWVȷ

7RJLYHDQH[DP SOHfflDUXOHRI IRUP 3 ffa♭fi÷ 3 ffa♮ fi GRHVQRWSUHVHUYH3 IDFWVfflVLQFHLWFDQEHXVHGWRFUHDWH DIDFW3 ffaWfiDQGFRQVXP HDIDFW3 ffaVfiȷ

6LQFHDSHUVLVWHQWIDFWLVQHYHUFRQVXP HGE“ DQ“ UXOHffl WKHUHLVQRQHHGWRJHQHUDWHP RUHWKDQRQHFRS“ RI D SDUWLFXODUIDFŴ DVORQJ DVWKDWIDFWLVQHYHUQHHGHG WZLFHE“ DVLQJOHUXOHȷ %“ VLP SOHWUDQVIRUP DWLRQfflLWLV SRVVLEOHWRHOLP LQDWHWKHQHHGIRUP RUHWKDQRQHFRS“ RI DQ“ SHUVLVWHQWIDFWȷ) RUH[DP SOHfflDUXOHRI IRUP Æ 3 ffa♭ fiϕ3 ffa♮ fiϕυυυ÷ 4 ffa♭ ϕa♮ fiϕ3 ffa♭fiϕ3 ffa♮ fiϕυυυ ffZLWK3 DSHUVLVWHQWSUHGLFDWHfiFDQEHUHSODFHGE“ UXOHV RI IRUP Æ 3 ffa♭ fi ÷ 3_ˇ ffa♭ fiϕ3 ffa♭ fi 3 ffa♭ fi ÷ 3_˘ ffa♭ fiϕ3 ffa♭ fi 3_ˇ ffa♭ fiϕ3_˘ ffa♮ fiϕυυυ ÷ 4 ffa♭ ϕa♮ fiϕ3_ˇ ffa♭ fiϕ3_˘ ffa♮ fiϕυυυ ZKHUH3_ˇ DQG3_˘ DUHSHUVLVWHQWSUHGLFDWHVȷ

’ HpQLWLRQ ˘ ȷ $ UXOHO÷ ULQDWKHRU“ " LVDVLQJOHı SHUVLVWHQWUXOHLI DOOSUHGLFDWHVWKDWDUHSHUVLVWHQWLQ WKHRU“ " DSSHDUDWP RVWRQFHLQ Oȷ $ WKHRU“ " LVD XQLIRUP WKHRU“ LI DOOUXOHVLQ " DUHVLQJOHıSHUVLVWHQW UXOHVȷ

6LQFHDQ“ WKHRU“ FDQEHUHZULWWHQDVDXQLIRUP WKHı RU“fflZHZLOODVVXP HWKDWDOOWKHRULHVGLVFXVVHGIURP WKLV SRLQWDUHXQLIRUP WKHRULHVȷ

’ HpQLWLRQ ¯ ȷ / HW3 EHDVHWRI SUHGLFDWHVfflHDFKSHUı VLVWHQWLQ DXQLIRUP WKHRU“ "ȷ 7ZR VWDWHV6 DQG 6^⊇ DUH3ıVLP LODUffGHQRWHG6 ⊗_3 6^⊇fiLIfflDIWHUUHP RYLQJ DOO GXSOLFDWHSHUVLVWHQW3 IDFWVIURP HDFKVWDWHfflWKH“ DUH HTXDOP XOWLVHWVȷ

/ HP P Dˇ ȷ * LYHQ D XQLIRUP WKHRU“ "ffl 3 WKHVHWRI SUHGLFDWHVSHUVLVWHQWLQ "ffl ⁀ DVXEVWLWXWLRQffl DQG5 D UXOHWKDWFUHDWHVRQO“ SHUVLVWHQWIDFWVffl LI 6^#÷ ÷ 7 LV DGHULYDWLRQ ZKLFKLQYRNHV⁀5 P RUHWKDQ RQFHffl WKHQ WKHUHH[LVWVD GHULYDWLRQ 6^#÷ ÷ 7^⊇ WKDWLQYRNHV⁀5 RQO“ RQFHfflZLWK7 ⊗_3 7^⊇ȷ

,Q P DQ“ SURWRFROVffl WKHUHLVDQ LP SOLFLWRUH[SOLFLW LQLWLDOL]DWLRQSKDVHWKDWGLVWULEXWHVNH“ VRUHVWDEOLVKHV RWKHUVKDUHGLQIRUP DWLRQȷ: HLQFRUSRUDWHWKLVLQWRRXU IRUP DOGHpQLWLRQVE“ OHWWLQJ DSURWRFROWKHRU“ FRQVLVW RI DQ LQLWLDOL]DWLRQ WKHRU“ffl WRJHWKHUZLWK WKHGLVMRLQW XQLRQRI ERXQGHGVXEWKHRULHVWKDWFKDUDFWHUL]HWKHEHı KDYLRURI HDFKSURWRFRODJHQWffUROHfiȷ,QRUGHUWRERXQG WKHHQWLUHSURWRFROfflZHP XVWDVVXP HWKDWWKHLQLWLDOL]Dı WLRQWKHRU“ LVERXQGHGfflDQGWKDWLQLWLDOL]DWLRQFDQEH FRP SOHWHGSULRUWRWKHH[HFXWLRQRI WKHSURWRFROVWHSV SURSHUȷ

’ HpQLWLRQ ˚ ȷ $ UXOH5 O÷ UHQDEOHVDUXOHO^⊇ ÷ U^⊇ LI WKHUHH[LVW⁀ϕ⁀^⊇ VXFKWKDWVRP HIDFW3 ffaWfi≥ ⁀ULVDOVR LQ⁀^⊇O^⊇ȷ$ WKHRU“ " SUHFHGHVDWKHRU“ � LI QRUXOHLQ� HQDEOHVDUXOHLQ"ȷ

,QSDUWLFXODUfflLIDWKHRU“ " SUHFHGHVDWKHRU“ � fflWKHQ QRSUHGLFDWHVWKDWDSSHDULQWKHOHIWKDQGVLGHRI UXOHV LQ" DUHFUHDWHGE“ UXOHVWKDWDUHLQ� ȷ

’ HpQLWLRQ ¸ ȷ $ WKHRU“ � LVDZHOOıIRXQGHGSULQFLSDO WKHRU“ LI LWKDVDQRUGHUHGVHWRI SUHGLFDWHVfflFDOOHGWKH SULQFLSDOUROHVWDWHVDQGQXP EHUHGϖ_´ ϕϖ_ˇ ϕυυυϕϖ_N IRU VRP HNfflVXFKWKDWHDFKUXOHO÷ UFRQWDLQVH[DFWO“ RQH VWDWHSUHGLFDWHϖ_L ≥ ODQGRQHVWDWHSUHGLFDWHϖ_M≥ Uffl ZLWKLχ Mȷ : HFDOOWKHpUVWUROHVWDWHfflϖ_´ fflDQLQLWLDO UROHVWDWHȷ

%“ GHpQLQJ DSULQFLSDOWKHRU“ LQWKLVZD“fflZHHQVXUH WKDWHDFKDSSOLFDWLRQRI DUXOHLQ� DGYDQFHVWKHVWDWH IRUZDUGȷ ( DFK LQVWDQFHRI DSULQFLSDOUROHFDQ RQO“ UHVXOWLQDpQLWHQXP EHURI VWHSVLQWKHGHULYDWLRQȷ

’ HpQLWLRQ ßȷ $ WKHRU“ ! ♥ " LVDERXQGHGVXEıWKHRU“ LI DOOUXOHV5 LQ! WKDWFUHDWHDIDFWIDOOLQWRRQHRI WKH IROORZLQJ FDWHJRULHVÆ

ˇȷ 7KHIDFWVFUHDWHGE“ 5 FRQWDLQH[LVWHQWLDOVȷ

˘ȷ 7KHIDFWVFUHDWHGE“ 5 DUHLQLWLDOUROHVWDWHVRI "ȷ

¯ȷ 7KHIDFWVFUHDWHGE“ 5 DUHSHUVLVWHQWLQ"ȷ

’ HpQLWLRQ æȷ $ WKHRU“ � LVDZHOOıIRXQGHG SURWRFRO WKHRU“ LI� �ℵ� ℵ� ℵ� υυυZKHUH�LVDERXQGHGVXEı WKHRU“ ffFDOOHGWKHLQLWLDOL]DWLRQWKHRU“ fiDQG� ϕ� ϕ� υυυ DUHDpQLWHQXP EHURI ZHOOıIRXQGHGSULQFLSDOWKHRULHVffl ZLWK� SUHFHGLQJ � ϕ� ϕ� υυυȷ

7KHVWUXFWXUHRI SURWRFROWKHRULHVDOORZVGHULYDWLRQV

WREHEURNHQGRZQLQWRWZRVWDJHV^ WKHLQLWLDOL]DWLRQ

VWDJHfflDQGWKHQRQıLQLWLDOL]DWLRQffSURWRFROUXQfi VWDJHȷ

$ Q“ GHULYDWLRQLQWKHWKHRU“ FDQEHUHRUGHUHGWRFRQı

WDLQDOOLQLWLDOL]DWLRQVWHSVEHIRUHDQ“ QRQıLQLWLDOL]DWLRQ

VWHSVȷ

/ HP P D˘ ȷ * LYHQDZHOOıIRXQGHGSURWRFROWKHRU“ �

�ℵ$ ffl ZKHUH� LVWKHLQLWLDOL]DWLRQ WKHRU“ ffl DQG $ LV

WKHGLVMRLQWXQLRQ RI RQHRUP RUHSULQFLSDOWKHRULHVffl

LI 6_�÷ ÷ 7 LVD GHULYDWLRQ RYHU�ffl WKHQ WKHUHLVD

GHULYDWLRQ 6_�÷ ÷ 6_⊇ DQG 6_⊇

$÷ ÷ 7ffl ZKHUHDOOUXOHV IURP � DUHDSSOLHGEHIRUHDQ“ UXOHVIURP $ ȷ

2 QHP RWLYDWLRQIRUXVLQJ P XOWLVHWUHZULWLQJ IRUSURı WRFRODQDO“ VLVLVWKDWWKLVIUDP HZRUNDOORZVXVWRXVH HVVHQWLDOO“ WKHVDP HWKHRU“ IRUDOODGYHUVDULHVIRUDOO SURWRFROVȷ ,Q WKLVVXEVHFWLRQffl ZHVSHFLI“ WKHSURSHUı WLHVRI LQWUXGHUWKHRULHVWKDWDUHQHHGHGWRERXQGWKH QXP EHURI LQWUXGHUVWHSVQHHGHG WR SURGXFHD JLYHQ P HVVDJHȷ $ VH[SODLQHGLQ¿æ@fflWKHDFWLRQVRI WKHVWDQı GDUG LQWUXGHUFDQ EHVHSDUDWHG LQWR WZR SKDVHVffl RQH LQZKLFKP HVVDJHVDUHGHFRP SRVHGLQWRVP DOOHUSDUWVffl DQGRQHLQZKLFKWKHVHSDUWVDUHffUHfiDVVHP EOHGLQWRD P HVVDJHWKDWZLOOEHVHQWWRVRP HSURWRFRODJHQWȷ $ Q DGGLWLRQDOGHWDLOLVWKDWZHVRP HWLP HVQHHG WR SRVWı SRQHGHFRP SRVLWLRQRI DVSHFLpFIDFWXQWLODODWHUWLP Hffl VXFKDVXQWLODGHFU“ SWLRQNH“ EHFRP HVDYDLODEOHȷ ,QGHWHUP LQLQJ WKHVL]HRI DIDFWfflZHFRXQWWKHSUHGı LFDWHQDP HfflHDFKIXQFWLRQQDP HfflDQGHDFKYDULDEOHRU FRQVWDQWV“ P EROȷ ) RUH[DP SOHfflIDFW3 ffϖ ϕϱfi KDVVL]H ¯fflDQGIDFW3 ffI ffϖ ϕϱfiϕςfiKDVVL]H¸ȷ

’ HpQLWLRQ œȷ $ UXOH5 O÷ ULVDFRP SRVLWLRQUXOH LI WKHQRQıSHUVLVWHQWIDFWVLQUKDYHODUJHUVL]HWKDQWKH IDFWVLQOȷ $ UXOH5 O÷ ULVDGHFRP SRVLWLRQUXOHLI WKHQRQıSHUVLVWHQWIDFWVLQUKDYHVP DOOHUVL]HWKDQWKH IDFWVLQOȷ

)RUH[DP SOHffl ςffϖ fiϕςffϱfi÷ ςffKϖ ϕϱLfi LVDFRP SRVLWLRQUXOHfflDQG φ ffKϖ ϕϱLfi÷ φ ffϖ fiϕφ ffϱfi LVDGHFRP SRVLWLRQUXOHȷ

)RUWKHLQWUXGHUWKHRULHVZHZLOOFRQVLGHUfflZHDOORZ SHUVLVWHQWIDFWVWR DSSHDULQ ERWK WKHOHIWDQG ULJKW KDQGVLGHVȷ 6RfflLQJHQHUDODGHFRP SRVLWLRQUXOHLVRI IRUP Æ φ ffKϖ ϕϱLfiϕa3 ffυυυfi÷ φ ffϖ fiϕφ ffϱfiϕa3^⊇ffυυυfi

ZKHUHa3 DQG a3^⊇ DUHVHWVRI SHUVLVWHQWSUHGLFDWHVfflZLWK a3 ⊑ a3 ⊇ ffDQGVLP LODUO“ IRUFRP SRVLWLRQUXOHVfiȷ : HDOVRQHHGWRLQWURGXFHP RUHFRP SOLFDWHGGHFRP ı SRVLWLRQUXOHVfflZKLFKZHFDOO?’ HFRP SRVLWLRQUXOHVZLWK $ X[LOLDU“ IDFWVΠȷ7KHVHDUHSDLUVRI UXOHVRI IRUP Æ φ ffWfiϕa3 ffυυυfi÷ a3^⊇ffυυυfiϕϖ ffWfi DQG ϖ ffWfiϕa4 ffυυυfi÷ a4^⊇ffυυυfiϕφ ffW^⊇fi ZKHUH a3 ⊑ a3^⊇ffl a4 ⊑ a4^⊇fflDQGVL]HffW^⊇fi χ VL]HffWfiȷ +HUHffl ϖ UHSUHVHQWVDQ$ X[LOLDU“ IDFWffZKLFKFDQDSSHDURQO“ LQDSDLURI UXOHVRI WKLVIRUP fi ZKLFKLVXVHGWRDP RUı WL]HWKHGHFRP SRVLWLRQ RI φ ffWfi LQWR φ ffW^⊇fi DFURVVWKH WZR UXOHVȷ $ SSHQGL[ $ ȷ̄ VKRZVDQ H[DP SOHRI ZKHQ WKLVW“ SHRI GHFRP SRVLWLRQUXOHLVQHHGHGfflLQRUGHUWR DOORZ IRUGHFU“ SWLQJ DQROGIDFWZLWKDQHZO“ OHDUQHG HQFU“ SWLRQNH“ȷ

’ HpQLWLRQ øȷ $ WKHRU“ " LVDWZRıSKDVHWKHRU“ LI LWV UXOHVFDQEHGLYLGHGLQWRWKUHHGLVMRLQWWKHRULHVffl" �ℵ� ℵ� fflZKHUH�LVDERXQGHGVXEıWKHRU“ SUHFHGLQJ � DQG� ffl� FRQWDLQVRQO“ FRP SRVLWLRQUXOHVffl� FRQWDLQV RQO“ GHFRP SRVLWLRQUXOHVfflDQGQRUXOHVLQ� SUHFHGHDQ“ UXOHVLQ� ȷ

’ HpQLWLRQ ˇ ´ ȷ $ QRUP DOL]HG GHULYDWLRQ LVDGHULYDı WLRQZKHUHDOOUXOHVIURP WKHGHFRP SRVLWLRQWKHRU“ DUH DSSOLHGEHIRUHDQ“ UXOHVIURP WKHFRP SRVLWLRQWKHRU“ȷ

$ VDOVRVKRZQLQ¿æ@LQDVOLJKWO“ GLoHUHQWFRQWH[Wffl DOOGHULYDWLRQVLQDWZRıSKDVHWKHRU“ FDQEHH[SUHVVHG DVQRUP DOL]HGGHULYDWLRQVȷ

/ HP P D¯ ȷ ,I DWKHRU“ " LVWZRıSKDVHffl DQG ZHOLP LW WKHVL]HRI WHUP Vffl DQG ZHOLP LWWKHQXP EHURI WLP HV HDFKH[LVWHQWLDOLVLQVWDQWLDWHGfflWKHQWKHUHDUHDpQLWH QXP EHURI QRUP DOL]HGGHULYDWLRQVLQWKHWKHRU“ȷ

’ HpQLWLRQ ˇ ˇ ȷ * LYHQDZHOOıIRXQGHGSURWRFROWKHRU“ � �ℵ$ DQGDWZRıSKDVHLQWUXGHUWKHRU“ � fflDVWDQı GDUGWUDFHLVDGHULYDWLRQZKLFKKDVDOOVWHSVIURP WKH LQLWLDOL]DWLRQWKHRU“ � pUVWfflWKHQLQWHUOHDYHVVWHSVIURP WKHSULQFLSDOWKHRULHV$ ZLWK QRUP DOL]HG GHULYDWLRQV IURP WKHLQWUXGHUWKHRU“ � ȷ

7 KHRUHP ˇ ȷ / HW� EHDQ“ ZHOOıIRXQGHGSURWRFROWKHRU“ DQG� EHDQ“ WZRıSKDVHLQWUXGHUWKHRU“ ȷ ,I ZHERXQG WKHQXP EHURI XVHVRI HDFKH[LVWHQWLDOffl DQGZHERXQG WKHVL]HRI HDFKWHUP fflWKHQWKHVHWRI VWDQGDUGWUDFHVRI � ⊤ � LVpQLWHȷ

˚ ,QWUDFWDELOLW“

7KHUHDUHP DQ“ XQGHFLGDEOHSURSHUWLHVRI DUELWUDU“

SURWRFROVȷ ,I ZHFRQVLGHUDOOSRVVLEOHV“ VWHP VWKDWDUH

GHpQDEOHXVLQJ +RUQORJLF DVSURWRFROVfflWKHQXQGHFLGı

DELOLW“ IROORZVHDVLO“ IURP WKHXQGHFLGDELOLW“ RI +RUQı

FODXVHORJLFȷ ,Q SDUWLFXODUffl LWLVSRVVLEOHWR JLYHpı

QLWHGHVFULSWLRQVRI LQpQLWHıVWDWHV“ VWHP VXVLQJ IXQFı

WLRQ V“ P EROVȷ )RUH[DP SOHffl LI ZHKDYH´ Æ QDWDQG

VXF ÆQDW÷ QDWfflWKHQZHFDQZULWHH[SUHVVLRQVIRUDUı

ELWUDULO“ P DQ“ QDWXUDOQXP EHUVȷ ,WLVVWUDLJKWIRUZDUG

WRJRIURP WKHUHWRYDULRXVXQGHFLGDELOLW“ UHVXOWVEDVHG

RQFRXQWHUP DFKLQHVȷ+RZHYHUfflWKLVNLQGRILQWUDFWDELOı

LW“ UHVXOWLJQRUHVWKHIDFWWKDWP RVWSURWRFROVXVHGLQ

SUDFWLFHKDYHDp[HGQXP EHURI VWHSVDQGFRP P XQLFDWH

GDWDRI ERXQGHGFRP SOH[LW“ȷ ,I ZHUHVWULFWRXUDWWHQı

WLRQ WR pQLWHıOHQJWK SURWRFROVffl RI WKHIRUP LGHQWLpHG

LQWKHSUHYLRXVVHFWLRQfflWKHQLWGRHVQRWVHHP SRVVLEOH

WRZULWHSURWRFROVZKRVHEHKDYLRULVDVFRP SOLFDWHGDV

DUELWUDU“ 7XULQJ P DFKLQHVȷ +RZHYHUfflDVVKRZQLQWKLV

VHFWLRQfflWKHUHDUHQRQWULYLDOORZHUERXQGVLI ZHFRP ı

ELQHSURWRFROVZLWKDQLQWUXGHUȷ 7KURXJKRXWWKLVVHFı

WLRQfflZHZLOOUHVWULFWRXUDWWHQWLRQWRUXQVLQZKLFKDOO

WHUP VKDYHIHZHUWKDQVRP Hp[HGQXP EHURI V“ P EROV

DQGWKHSURWRFROSULQFLSDOVKDYHERXQGHGDFWLYLW“ȷ

( YHQ ZLWKRXWJHQHUDWLQJ QHZ GDWDffl GHWHUP LQLQJ D

VHFXULW“ SURSHUW“ P D“ UHTXLUHH[SRQHQWLDOO“ ıP DQ“ UXQV

RI D SURWRFRODQG WKH GHFLVLRQ SUREOHP LVSVSDFHı

&RP SOHWHȷ 7KHpUVWUHVXOWffl WKDWWKHUHDUHSURWRFROV

ZLWKRXWQRQFHVZKHUHWKHVKRUWHVWLQVHFXUHUXQLVH[ı

SRQHQWLDOfflLVLOOXVWUDWHGE“ WKHIROORZLQJ IDP LO“ RI SURı

WRFROVfflRQHIRUHDFKLQWHJHUNȷ7KHSURWRFROIRULQWHJHU

NDVVXP HVWKDWDSULYDWHV“ P P HWULF NH“ ▷ LVVKDUHG

EHWZHHQSULQFLSDOVϖ ϕϱ^ˇ ϕυυυϕϱ

N DQGςȷ ff7KHVDP HHIı IHFWFDQ RFFXUDFKLHYHG LQ DSXEOLF NH“ SURWRFROffl E“ pUVWUXQQLQJ VHFXUHNH“ H[FKDQJHVWHSVȷfi ,Q7DEOH¯ ZH VKRZ WKHSURWRFROIRUN ˚ȷ

,QWKLVDUWLpFLDOSURWRFROfflϖ VHQGVς DP HVVDJHFRQı WDLQLQJ ff´ϕ´ϕ´ϕ´fiEXWς ZLOORQO“ UHVSRQGWRDP HVVDJH ZLWKffˇϕˇϕˇϕˇfiȷ+RZHYHUfflSULQFLSDOVϱ_ˇ ϕυυυϕϱ_N LP SOHı P HQWDNıELWLQFUHP HQWRQHQFU“ SWHGWXSOHVȷ7KHUHIRUHffl LIDQLQWUXGHUURXWHVWKHLQLWLDOP HVVDJHIURP ϖ WKURXJK ˘^N⌊ ˇ ϱ SULQFLSDOVLQUHSHDWHGUXQVRI WKHSURWRFROfflς ZLOOH[SRVHWKHVHFUHWNH“ȷ,WLVHDV“ WRVHHWKDWXQOHVV DQH[SRQHQWLDOQXP EHURI P HVVDJHVDUHVHQWfflWKHNH“ ▷ UHP DLQVVHFUHWȷ

,I ZHIRUP XODWHVHFXULW“ DVDGHFLVLRQSUREOHP ZLWKı RXWUHTXLULQJ WKHIDXOW“ WUDFHDVRXWSXWfflLWLVHDV“ WR VKRZ WKDWWKH SUREOHP LVSVSDFHıKDUG E“ VWUDLJKWı IRUZDUG UHGXFWLRQ IURP OLQHDUıERXQGHG 7XULQJ P Dı

FKLQHVȷ $ Q LQWHUHVWLQJ DVSHFWRI WKHSURWRFRODERYH LVWKDWLWVKRZVWKDWDSURWRFROFDQEHVHFXUHDJDLQVW SRO“ QRP LDOıWLP HDWWDFNfflEXWFRQVLGHUHGLQVHFXUHXQGHU ’ ROHYı¡DRDVVXP SWLRQVȷ

˚ ȷ̆ ȷ̌ 5 HVWULFWHG SURWRFROIRUP

,QJHQHUDOfflLWLVFRQYHQLHQWWRZULWHWKHVWHSVRI DSURı WRFRODJHQWϖ LQWKHIRUP ϖ_Lffυυυfiϕ1_Mffυυυfiϕ3 ffυυυfiϕ4 ffυυυfiϕυυυ ÷ a≪υυυυϖ_Nffυυυfiϕ1_Nffυυυfiϕ3 ffυυυfiϕ4 ffυυυfiϕυυυ ZKHUH3 ffυυυfiϕ4 ffυυυfiϕυυυ DUHSHUVLVWHQWIDFWVDSSHDUı LQJ RQWKHOHIWDQGULJKWRI WKHUXOHȷ +RZHYHUfflIRUWKH SXUSRVHRI SURYLQJ DVWURQJHUQHJDWLYHUHVXOWffl ZHUHı VWULFWRXUDWWHQWLRQWRDVLP SOHUIRUP RI SURWRFROVWHS LQWKLVVHFWLRQȷ6SHFLpFDOO“fflZHVD“ DSURWRFROWKHRU“ LV LQUHVWULFWHGIRUP LI WKHFRQVWLWXHQWSULQFLSDOWKHRULHV FRQVLVWRQO“ RI UXOHVRI WKHIRUP ϖ_Lffυυυfiϕ1_Mffυυυfi÷ a≪υυυυϖ_Nffυυυfiϕ1_Cffυυυfi ZLWKRQHSULQFLSDOUROHVWDWHDQGRQHQHWZRUNP HVVDJH RQWKHOHIWDQGRQHSULQFLSDOUROHVWDWHDQGRQHQHWZRUN P HVVDJHRQWKHULJKWȷ $ VZLWKDOOpQLWHıOHQJWKSURWRı FROVfflZHDVVXP HWKHVWDWHVRI DJHQWϖ DUHJLYHQ E“ D pQLWHOLVWRI SUHGLFDWHVϖ_ˇ ϕυυυϕϖ_Dȷ : HDOVR DVVXP H WKDWVHWRI SRVVLEOHQHWZRUNP HVVDJHVDUHJLYHQ E“ D pQLWHOLVWRI SUHGLFDWHV1_ˇ ϕυυυϕ1_QfflZLWKLχ N§ DDQG Mχ C§ QLQHDFKUXOHRI WKHIRUP DERYHȷ

7 KHRUHP ˘ ȷ 6HFUHF“ LVXQGHFLGDEOH IRUpQLWHıOHQJWK SURWRFROVRI UHVWULFWHGIRUP ȷ 0 RUHVSHFLpFDOO“fflWKHUHLV QRDOJRULWKP IRUGHFLGLQJ ZKHWKHUDJLYHQSURWRFROfflUXQ LQFRP ELQDWLRQ ZLWKWKHVWDQGDUGLQWUXGHUffl DOORZVWKH LQWUXGHUWRJDLQDFFHVVWRDJLYHQLQLWLDOVHFUHWȷ

7KHSURRILQYROYHVUHSUHVHQWLQJ H[LVWHQWLDO+RUQWKHı RULHVDVSURWRFROVfflDVGHVFULEHGEHORZȷ: KLOHVSDFHOLP ı LWDWLRQVSUHYHQWXVIURP SUHVHQWLQJ WKHSURRI LQGHWDLOffl ZHZLOOVNHWFKWKHP DLQLGHDVȷ

˚ ȷ̆ ȷ̆ 5 HSUHVHQWDWLRQ RI H[ LVWHQWLDO+ RUQ WKHRı ULHV

* LYHQDVHWRI H[LVWHQWLDO+RUQIRUP XODVfflRI WKHIRUP GHVFULEHGLQ$ SSHQGL[ %DQGUHSHDWHGEHORZfflZHFDQ FRQVWUXFWDSURWRFROVRWKDWfflZKHQFRP ELQHGZLWKWKH VWDQGDUG LQWUXGHUWKHRU“ffl WKHLQWUXGHUP HP RU“ P D“ FRQWDLQ IRUP XODVUHSUHVHQWLQJ DOOFRQVHTXHQFHVRI WKH WKHRU“ȷ

,QRUGHUWRGRWKLVfflZHP XVWXVHWKHLQWUXGHULQDQ HVVHQWLDOZD“ȷ6SHFLpFDOO“fflHDFKDJHQWFDQRQO“ H[HFXWH

ϖ ⌊÷ ς Æ ff´ϕ´ϕ´ϕ´fi^▷ ς ⌊÷ ϖ Æ LI VHQWffˇϕˇϕˇϕˇfi^▷ WKHQUHVSRQG▷ ϱ^ˇ ⌊÷ ϖ Æ LI VHQWff♭^ˇ ϕ♭^˘ ϕ♭^¯ ϕ´fi^▷ WKHQUHVSRQGff♭^ˇ ϕ♭^˘ ϕ♭^¯ ϕˇfi^▷ ϱ^˘ ⌊÷ ϖ Æ LI VHQWff♭^ˇ ϕ♭^˘ ϕ´ϕˇfi^▷ WKHQUHVSRQGff♭^ˇ ϕ♭^˘ ϕˇϕ´fi^▷ ϱ^¯ ⌊÷ ϖ Æ LI VHQWff♭^ˇ ϕ´ϕˇϕˇfi^▷ WKHQUHVSRQGff♭^ˇ ϕˇϕ´ϕ´fi^▷ ϱ^˚ ⌊÷ ϖ Æ LI VHQWff´ϕˇϕˇϕˇfi^▷ WKHQUHVSRQGffˇϕ´ϕ´ϕ´fi^▷ N˚

DpQLWHVHTXHQFHRI VWHSVȷ7KHUHIRUHfflZHXVHDVHSDUDWH

DJHQWIRUHDFK +RUQFODXVHȷ 7KHUROHRI WKHLQWUXGHU

LVWR FRQYHUWWKHpQDOP HVVDJHVHQWE“ RQHDJHQWWR

DQ LQLWLDOP HVVDJHUHFHLYHG E“ DQRWKHUDJHQWȷ $ VD

UHVXOWRI LQWUXGHUDFWLRQVfflDGDWXP P D“ SDVVWKURXJK

DQXQERXQGHGQXP EHURI SURWRFROVWHSVȷ

$WWKHVDP HWLP Hffl LQ RUGHUWR UHSUHVHQWWKH+RUQ

WKHRU“ IDLWKIXOO“fflZHFDQQRWJLYHWKHLQWUXGHUFRP SOHWH

DFFHVVWRDOOWRDWRP LFIRUP XODVXVHGLQD+RUQFODXVHȷ

,QSDUWLFXODUfflZHFDQQRWOHWWKHLQWUXGHUFRP ELQHGDWD

IURP GLoHUHQWP HVVDJHVȷ ) RUH[DP SOHffl LI RQHDJHQW

VHQGVDP HVVDJHUHSUHVHQWLQJ 3 ffDϕEfifflZHFDQQRWDOORZ

WKHLQWUXGHUWR LQWHUFHSWWKLVP HVVDJHDQG UHSODFHLW

ZLWK3 ffEϕDfiȷ +RZHYHUfflLWLVHDV“ WRSUHYHQWWKLVIRUP

RI LQWHUIHUHQFHLI ZHHQFU“ SWDWRP LF IRUP XODVZLWK D

VKDUHGSULYDWHNH“ȷ

3XWWLQJ WKHVHWZR LGHDVWRJHWKHUffl ZHUHSUHVHQWDQ

H[LVWHQWLDO+RUQFODXVHWKHRU“ E“ DSURWRFROZLWKRQH

DJHQWSHUFODXVHȷ7KHDJHQWϖ IRUDFODXVH ⊃♭^ˇ υυυ⊃♭^L¿ffo^ˇ AυυυAo^Nfi ⊙ ≪♮^ˇ υυυ≪♮^Mffp^ˇ AυυυAp^Cfi@ LV ϖ^´ ϕ1^{D´} ffGo^ˇ AυυυAo^NHfi ÷ ≪♮^ˇ υυυ≪♮^Mυϖ^ˇ ϕ1^{Dˇ} ffGp^ˇ AυυυAp^CHfi ZKHUHWKHHQFRGLQJ Go^ˇ AυυυAo^NHRI DFRQMXQFWLRQRI

DWRP LFIRUP XODVDVDVLQJOHDWRP LFIRUP XODLVGHVFULEHG

EHORZȷ

7KHUHDUHVHYHUDOZD“ VWRUHSUHVHQWDFRQMXQFWLRQRI

DWRP LFIRUP XODVDVDVLQJOHQHWZRUNP HVVDJHfflFRQWDLQı

LQJ RQO“ RQHSUHGLFDWHV“ P EROfflKLGGHQIURP WKHDGYHUı

VDU“ȷ 2 QHZD“ffl LQWHQGHG WR NHHS V“ QWDFWLF FRP SOLFDı

WLRQWR DP LQLP XP fflLVWR DVVXP HWKDWIRUHDFKNfflZH

KDYHDNıDU“ HQFU“ SWLRQIXQFWLRQ( QFU“SW^Nȷ )RUQRWDı

WLRQDOVLP SOLFLW“fflZHZLOOVXSSUHVVNLQWKHGHVFULSWLRQ

EHORZȷ: HDOVRDVVXP HWKDWIRUHDFKVHTXHQFHRI SUHGLı

FDWHV3^ˇ ϕυυυϕ3^N WKDWRFFXUVWRJHWKHULQWKHOHIWRUULJKW

KDQGVLGHRI LVDJLYHQ+RUQFODXVHfflZHKDYHDFRQVWDQW

V“ P ERO3^ˇ υ3^˘ υυυυυ3^Nȷ ff$ OWKRXJK ZHKDYHXVHG DVHı

TXHQFHRI OHWWHUVfflQXP EHUVDQGVXEVFULSWVWRZULWHRXW

RXUQDP HIRUWKLVFRQVWDQWV“ P EROfflZHDVVXP HLWLVDQ

DWRP LFFRQVWDQWV“ P ERORI WKHODQJXDJHȷfi * LYHQWKHVH

DVVXP SWLRQVfflZHOHW G3^ˇ ffW^{ˇ ϕˇ} ϕυυυW^{ˇ ϕĽ} AυυυA3^MffW^{Mϕˇ} ϕυυυϕW^{MϕĽ} fiH ( QFU“SWff3^ˇ υ3^˘ υυυυυ3^NϕW^{ˇ ϕĽ} ϕυυυϕW^{Mϕˇ} ϕυυυϕW^{MϕĽ} fi : HDVVXP HWKDWDOOHQFU“ SWLRQLVGRQHXVLQJ WKHVDP H

NH“fflWKHNH“ LVVKDUHGDP RQJ KRQHVWSDUWLFLSDQWVfflEXW

QRWUHYHDOHGWR WKHLQWUXGHUȷ ff,WVXr FHVWR KDYHRQH

SULQFLSDOH[HFXWLQJ VHYHUDOUROHVfflXVLQJ DSULYDWHNH“ȷfi

7KHpQDOP DLQ LGHDLQ WKHUHSUHVHQWDWLRQ RI +RUQ

WKHRULHVLVWKHZD“ WKDWDVHWRI FRQMXQFWLRQVP D“ EH

FRP ELQHG WR SURGXFHWKHFRQMXQFWLRQ RI DWRP LF IRUı

P XODVQHHGHG WR DSSO“ DQRWKHU+RUQ FODXVHȷ 7KLVLV

SHUKDSVEHVWLOOXVWUDWHGE“ H[DP SOHȷ

6XSSRVHWKDWWKHH[LVWHQWLDO+RUQFODXVH ⊃♭ ⊃♮ ¿ff3 ff♭fiA4 ff♭ϕ♮ fiA5 ff♮ fifi ⊙ ≪♯ff3 ff♯fiA4 ff♮ ϕ♯fi@ LVSDUWRI WKH+RUQWKHRU“ ZHZLVKWRUHSUHVHQWE“ D

SURWRFROȷ,QRUGHUWRXVHWKLVLP SOLFDWLRQfflWKHSURWRFRO

P XVWSURGXFHDP HVVDJHFRQWDLQLQJ Gff3 ffDfiA4 ffDϕEfiA

5 ffEfiHIRUVRP HDDQGEȷ +RZHYHUfflWKHSURWRFRODJHQWV

WKDWUHSUHVHQW+RUQFODXVHVSURGXFHHQFRGLQJVRI FRQı

MXQFWLRQVRI DWRP LFIRUP XODVfflDQGWKHDWRP LFIRUP XODV

KHUHP D“ FRP HIURP GLoHUHQWUXOHVȷ7KHUHIRUHfflZHQHHG

DGGLWLRQDOSURWRFRODJHQWVWKDWVHOHFWDWRP LFIRUP XODV

RXWRI FRQMXQFWLRQVDQGFRP ELQHWKHP ȷ

7KHSURFHVVLVYHU“ VLP LODUWR WKHHQFRGLQJ RI WKH

LQWUXGHUfflH[FHSWWKDWSURWRFRODJHQWVFDQP DQLSXODWH

HQFU“ SWHGYDOXHVȷ) RUHDFKFRQMXQFWLRQIRUP ffLQFOXGLQJ

YDULDEOHVfiWKDWDSSHDUVRQWKHULJKWıKDQGVLGHRID+RUQ

FODXVHfflVXFKDV3 ff♯fiA4 ff♮ ϕ♯fifflZHLQFOXGHGHFRP SRVLWLRQ

DJHQWVRI WKHIRUP ϖ^´ ϕ1^´ ffG3 ff♯fiA4 ff♮ ϕ♯fiHfi÷ ϖ^ˇ ϕ1^ˇ ffG3 ff♯fiHfi DQG ϱ^´ ϕ1^´ ffG3 ff♯fiA4 ff♮ ϕ♯fiHfi÷ ϱ^ˇ ϕ1^ˇ ffG4 ff♮ ϕ♯fiHfi

IRUSUHGLFDWHVϖ_´ ϕϖ_ˇ ϕϱ_´ ϕϱ_ˇ QRWXVHGIRURWKHUDJHQWVȷ : HDOVRQHHGDFRP SRVLWLRQDJHQWIRUWKHOHIWıKDQGıVLGH RI HDFKRULJLQDO+RUQFODXVHȷ) RUWKHFODXVHDERYHfflWKH DJHQWZLOOKDYHVWDWHVϖ_´ ϕϖ_ˇ ϕϖ_˘ DQGϖ_¯ ȷ$WHDFKVWHSffl WKHDJHQWUHDGVRQHRI WKHDWRP LF IRUP XODVLQLWVWDUı JHWFRQMXQFWLRQfflVHQGLQJ RXWHLWKHUDGXP P “ P HVVDJH RUfflDWWKHODVWVWHSfflDP HVVDJHFRQWDLQLQJ WKHFRQMXQFı WLRQRI DWRP LF IRUP XODVQHHGHGȷ ,QRUGHUWRDVVHP EOH Gff3 ff♭ fiA4 ff♭ϕ♮ fiA5 ff♮ fiHfflZHFDQXVHDQDJHQWϖ ZLWK WKHIROORZLQJ VWHSVÆ

ϖ_´ ϕ1_´ ffG3 ff♭fiHfi÷ ϖ_ˇ ffG3 ff♭fiHfiϕ1_ˇ fffi ϖ_ˇ ffG3 ff♭ fiHfiϕ1_˘ ffG4 ff♭ϕ♮ fiHfi÷ ϖ_˘ ffG3 ff♭ fiA4 ff♭ ϕ♮ fiHfiϕ1_¯ fffi ϖ_˘ ffG3 ff♭ fiA4 ff♭ ϕ♮ fiHfiϕ1_˚ ffG5 ff♮ fiHfi÷ ϖ_¯ fffiϕ1_¸ ffG3 ff♭ fiA4 ff♭ϕ♮ fiA5 ff♮ fiHfi $ IWHUWKLVDJHQWVHQGVP HVVDJH1_¸ ffl WKHLQWUXGHUFDQ UHDGWKHGDWDG3 ff♭ fiA4 ff♭ ϕ♮ fiA5 ff♮ fiHFRQWDLQHGLQWKLV P HVVDJHDQGIRUZDUGLWWR WKHDJHQWUHSUHVHQWLQJ WKH +RUQFODXVHZLWKK“ SRWKHVLV3 ff♭ fiA4 ff♭ ϕ♮ fiA5 ff♮ fiȷ ,QHDFKRI RXUH[DP SOHVfflZHKDYHQXP EHUHGWKHQHWı ZRUNP HVVDJHV1_´ ϕ1_ˇ ϕυυυfflEXWLWLVSRVVLEOHWRUHQXP ı EHUWKHP VRWKDWHDFKP HVVDJHQXP EHUKDVDp[HGIRUı P DWȷ

¸ 0 XOWLVHWUHZULWLQJ DQG / / )

7KHP XOWLVHWıUHZULWLQJ QRWDWLRQXVHGLQWKLVSDSHULV WKHpUVWıRUGHU+RUQIUDJP HQWRI OLQHDUORJLF ¿ˇ˚@fflZLWK H[LVWHQWLDOTXDQWLpFDWLRQȷ 6SHFLpFDOO“fflHDFKWUDQVLWLRQ UXOH ϖ_ˇ ϕυυυϕϖ_Q ⌊÷ ≪a♭ υϱ_ˇ ϕυυυϕϱ_P FDQEHZULWWHQDVDOLQHDUORJLF IRUP XOD ϖ_ˇ \ υυυ\ ϖ_Q ⌊∇ ≪a♭ υϱ_ˇ \ υυυ\ ϱ_P 8 QGHUWKLVFRUUHVSRQGHQFHfflHYHU“ GHULYDWLRQXVLQJ P XOı WLVHWUHZULWLQJ FRUUHVSRQGVWRDOLQHDUORJLFGHULYDWLRQffl DQGFRQYHUVHO“ȷ7KLVDOORZVXVWRXVHOLQHDUORJLFWRROV IRUSURWRFRODQDO“ VLVȷ ,QSDUWLFXODUfflZHKDYHXVHGWKH OLQHDUORJLFDOIUDP HZRUN/ / ) ¿¸@WRVLP XODWHWKHH[HFXı WLRQRI SURWRFROVfflGHWHFWDWWDFNVfflDQGFRQVWUXFWIRUP DO SURRIVDERXWSURWRFROWUDQVIRUP DWLRQVȷ 6LP LODUUHVXOWV FRXOGEHREWDLQHGXVLQJ RWKHUOLQHDUORJLFV“ VWHP VVXFK DV) RUXP ¿˘¯@RU/ “JRQ ¿ˇ¸@ffl H[FHSWWKDWRXUSURRIV DERXWSURWRFROWUDQVIRUP DWLRQVUHO“ RQWKHSURRIıWHUP UHSUHVHQWDWLRQRI / / ) fflGLVFXVVHGEHORZȷ

6LQFHZHZLOOGHVFULEHVRP HDVSHFWVRI WKHSURWRFRO SURRIVFDUULHGRXWXVLQJ / / ) fflZHJLYHDEULHI RYHUYLHZ

RI / / ) ȷ$ OWKRXJKRSHUDWRUV\ DQG≪ DUHQRWSURYLGHG GLUHFWO“ LQ / / ) fflLWLVSRVVLEOHWR ZULWHUXOHVDVORJLı FDOO“ HTXLYDOHQWIRUP XODVXVLQJ RWKHUOLQHDUORJLF FRQı QHFWLYHVȷ $ OWKRXJKWKHH[DFWV“ QWD[ LVQRWRYHUO“ LP ı SRUWDQWfflZHJLYHDQLOOXVWUDWLRQVLQFHLWSURYLGHVDQRSı SRUWXQLW“ WRLOOXVWUDWHDQRSHUDWLRQDOUHDGLQJ RI OLQHDU ORJLF IRUP XODVȷ $ VLQRWKHUIRUP VRI ORJLFfflFRQMXQFWLRQ LQK“ SRWKHVHVfflϖ \ ϱ⌊∇ ςfflLVHTXLYDOHQWWRQHVWHGLP ı SOLFDWLRQfflϖ ⌊∇ ϱ⌊∇ ςȷ7KHUHLVDOVRDGRXEOHıQHJDWLRQ SURSHUW“ RIOLQHDUORJLFfflZLWKffϖ ⌊∇ IDOVHfi⌊∇ IDOVHHTXLYı DOHQWWRϖ fflWKDWDOORZVXVWRZULWHH[LVWHQWLDOTXDQWLpı FDWLRQXVLQJ QHJDWHGXQLYHUVDOTXDQWLpFDWLRQȷ,QSODFH RI IDOVHfflZHXVHDSURSRVLWLRQDOYDULDEOHfflZKLFKLVLP ı SOLFLWO“ XQLYHUVDOO“ TXDQWLpHGȷ 7KLVOHDGVWR D IRUP RI ?FRQWLQXDWLRQıSDVVLQJΠ ORJLF SURJUDP ffl RI WKHVRUW XVXDOO“ DVVRFLDWHG ZLWK GRXEOHıQHJDWLRQ LQ FRQVWUXFı WLYHORJLFȷ8 VLQJ ORRS DVRXUSURSRVLWLRQDOYDULDEOHfflWKH IRUP XODϖ_ˇ \ υυυ\ ϖ_Q ⌊∇ ≪a♭ υϱ_ˇ \ υυυ\ ϱ_P FDQEHZULWWHQ DVWKHFODXVH ϖ_ˇ ⌊∇ υυυ⌊∇ ϖ_Q ⌊∇ ⊃a♭ υffϱ_ˇ ⌊∇ υυυ⌊∇ ϱ_P ⌊∇ ORRSfi ⌊∇ ORRS

) ROORZLQJ FRQYHQWLRQDOORJLFıSURJUDP P LQJ QRWDWLRQffl ZHRIWHQZULWHWKLVFODXVHZLWKWKHRXWHULP SOLFDWLRQV UHYHUVHGÆ

ORRS ∇⌊ ϖ_ˇ υυυ ∇⌊ ϖ_Q ∇⌊ ⊃a♭ υffϱ_ˇ ⌊∇ υυυ⌊∇ ϱ_P ⌊∇ ORRSfi 7KLVIRUP XODP D“ EHUHDGRSHUDWLRQDOO“ DVIROORZVÆ?LQ RUGHUWRP DNHDQLWHUDWLRQfflFRQVXP Hϖ_ˇ ϕυυυϕϖ_QfflJHQı HUDWHQHZ FRQVWDQWVaFDQGVXEVWLWXWHWKHP IRUWKHYDULı DEOHVa♭ fflWKHQDVVHUWWKHIDFWVϱ_ˇ ϕυυυϕϱ_P fflDQGpQDOO“ WU“ DQRWKHUUXOHffFODXVHfiΠȷ

7KHVLJQDWXUHXVHGWRGHVFULEHSURWRFROVXVHVGLoHUı HQWW“ SHVIRUP HVVDJHVfflNH“ VfflQRQFHVfflDQGVR RQȷ )RU H[DP SOHffl ZHXVHW“ SHNH\ IRUERWK SXEOLF NH“ VDQG SULQFLSDOQDP HVfflZKLFKZHLGHQWLI“ȷ 1 RQFHVKDYHW“ SH

DWPffl IRUDWRP LF P HVVDJHffl ZKLOHRWKHUP HVVDJHVKDYH

W“ SHPVJȷ7KHIXQFWLRQV“ P EROV# DQGN˘P DUHXVHGDV W“ SHFRQYHUVLRQIXQFWLRQVIURP QRQFHVDQGNH“ VWRP HVı VDJHVfflUHVSHFWLYHO“ȷ &RP SRVLWHP HVVDJHVDUHREWDLQHG IURP WKHLUSDUWVXVLQJ WKHLQp[ ' RSHUDWRUfflDQGDP HVı VDJH0 HQFU“ SWHGZLWKNH“ ▷ LVZULWWHQFU\SW 0 ▷ ȷ $ NH“ ▷ LVP DGHSXEOLF E“ DIDFWRI WKHIRUP DQQ.H\ ▷ ȷ7KHLQYHUVHRI DNH“ ▷ LVVSHFLpHGDVLQY ▷ ȷ 0 HVVDJHVVHQWE“ DSULQFLSDOKDYHWKHIRUP WR1HW 3 1 0 fflZKHUH3 LGHQWLpHVWKHSURWRFROffl1 LVWKHP HVı

VDJHQXP EHUZLWKLQWKDWSURWRFROfflDQG0 LVWKHP HVı

VDJHLWVHOIȷ 3ULQFLSDOVUHFHLYHP HVVDJHVLQ SDFNHWVRI

WKHIRUP IURP1HW 3 1 0 ȷ $ VZHZLOOVHHfflERWKWKH

QHWZRUNDQGWKHLQWUXGHUFDQFRQYHUWWR1HW DVVHUWLRQV

WRIURP1HW DVVHUWLRQVȷ

,Q DFWXDO/ / ) V“ QWD[ffl $ OLFHΩV pUVWVWHS LQ WKH

1 HHGKDP ı6FKURHGHUSURWRFROLVZULWWHQDVIROORZVÆ

QV$ˇÆ ORRS
     Rı DQQ.H\ %
     Rı D´ $
     Rı ↑^1DÆDWP‘
          Dˇ $ % ↑# 1D↓
        ıR WR1HW QVˇ
          ↑FU\SW ↑↑# 1D↓ ' ↑# ↑N˘P $↓↓↓ %↓
        ıR ORRS↓ȷ

+HUHQV$ˇ LVDODEHOffl XVHG WR QDP HWKLVFODXVHLQ WUDFHVfflDQGI1DÆDWPJ LQGLFDWHVDTXDQWLpHGYDULDEOH1D RI W“ SHDWPȷ

7KHQHWZRUNVLP SO“ FRQYHUWVHYHU“ WR1HW DVVHUWLRQ LQWRDIURP1HW DVVHUWLRQfflVRWKDWHDFKP HVVDJHVHQWWR WKHQHWZRUNFDQEHUHDGDVP HVVDJHIURP WKHQHWZRUN E“ RWKHUSULQFLSDOVȷ7KHLQWUXGHUFDQLQWHUFHSWDP HVı VDJHDQGGHFRP SRVHLWLQWRLWVDWRP LF FRQVWLWXHQWVffRI WKHIRUP # 1 RUN˘P ▷ fiȷ 7KHLQWUXGHUWKHQ EXLOGV XS DP HVVDJHIURP WKHVHIUDJP HQWVDQGSRVVLEO“ QHZO“ JHQHUDWHGGDWDȷ ) LQDOO“ LWVHQGVLWRo LQWKHIRUP RI D

IURP1HW P HVVDJHȷ

$ VDQ H[DP SOHHTXLYDOHQFHSURRIffl ZHGHVFULEHDQ RSWLP L]DWLRQ RI RXU 1 HHGKDP ı6FKURHGHU P RGHODQG SURYHWKHHTXLYDOHQFHEHWZHHQ WKH?VWDQGDUGΠ P RGHO ZLWK QHWZRUN DQG LQWUXGHUDQG DQ RSWLP L]HG YHUVLRQ LQZKLFKWKHQHWZRUNLVHOLP LQDWHGȷ6LQFHWKHLQWUXGHU FDQ VLP XODWHWKHQHWZRUNffl E“ GHFRP SRVLQJ DQG WKHQ UHFRP SRVLQJ HDFKP HVVDJHfflWKHWZRP RGHOVDUHHTXLYı DOHQWfflLQWKHVHQVHWKDWIRUHYHU“ WUDFHRI WKHV“ VWHP ZLWK QHWZRUN DQG LQWUXGHUffl WKHUHLVDFRUUHVSRQGLQJ WUDFHRI WKHV“ VWHP ZLWKRXWWKHQHWZRUNLQZKLFKDOO KRQHVWSDUWLHVVHHH[DFWO“ WKHVDP HVHTXHQFHVRI P HVı VDJHVfflDQGFRQYHUVHO“ȷ

: HVWDWHWKHHTXLYDOHQFHXVLQJ VWDQGDUGORJLFDOQRı WDWLRQȷ6SHFLpFDOO“fflZHZULWHb Cϖ LI WKHUHLVDGHULYDı WLRQ� RI WKLVMXGJP HQWRI OLQHDUORJLFȷ / HW1 6ffl ffl1 ffl DQG,QLWEHWKHP XOWLVHWVRI OLQHDUORJLFIRUP XODVUHSUHı VHQWLQJ WKHVWHSVRI WKH1 HHGKDP ı6FKURHGHUSURWRFROffl WKHLQWUXGHUfflWKHQHWZRUNfflDQGWKHLQLWLDOIDFWVfflUHVSHFı WLYHO“ȷ ) RUDQ“ SDLURI SULQFLSDOVϖ fflϱ LQ,QLWfflOHW�_{£ %}

EHWKHIRUP XOD

�_{£ %} ≪♭_Dϕ♭_Eυϖ_˘ ffϖ ϕϱϕ♭_Dϕ♭_Efi\ ϱ_˘ ffϱϕϖ ϕ♭_Dϕ♭_Efi

VWDWLQJ WKDWWKHSURWRFROEHWZHHQ ϖ DQG ϱ UXQVWR FRP SOHWLRQȷ: HXVHWKLVIRUP XODDVDQH[DP SOHJRDOIRU SURRI VHDUFKŒVLP LODUHTXLYDOHQFHVKROGIRURWKHUJRDOVȷ

7 KHRUHP ¯ ff( TXLYDOHQFHfiȷ ,I WKHUHLVDGHULYDWLRQ � RI ff1 6ϕ ϕ1 ϕ,QLWfiC�_{£ %}fflWKHQWKHUHLVDGHULYDWLRQ �^⊇ RI ff1 6ϕ ϕ,QLWfiC�_{£ %}ȷ 0 RUHRYHUfflLWLVWKHFDVHWKDW � DQG�^⊇ FRQWDLQWKHVDP HSURWRFROVWHSVLQWKHVDP H RUGHUȷ

: KLOH/ / ) LVQRWDFRP SOHWHSURRI FKHFNHUfflWKHUHLV DSUHFLVHVHQVHLQZKLFK/ / ) FDQEHXVHGWR GHYHORS P DFKLQHıFKHFNDEOHSURRIVȷ ,Q FRP SDULVRQ ZLWK SURRI P HWKRGVXVLQJ P RUHVWDQGDUGORJLFVfflHȷJȷ¿˘æ@ffl/ / ) KDV VRP HDGYDQWDJHVDQGGLVDGYDQWDJHVȷ2 QHDGYDQWDJHLV WKDWWKHFRQVWUXFWLYHQDWXUHRI SURRIVLVLP P HGLDWHO“ DSSDUHQWÆIURP DQ/ / ) SURRI RI WKHHTXLYDOHQFHDERYHffl ZHREWDLQDQDOJRULWKP WKDWWUDQVIRUP DWUDFHRI RQH V“ VWHP LQWR D WUDFHRI WKHRWKHUȷ 7KLVLVLQ SDUWD UHVXOWRI WKHZD“ ZHIRUP DOL]HWKHHTXLYDOHQFHfflDQGLQ SDUWDFRQVHTXHQFHRI WKHFRQVWUXFWLYHQDWXUHRI RXU IUDJP HQWRI OLQHDUORJLFȷ$ GLVDGYDQWDJHRI / / ) LVWKDW LWVXSSRUWVRQO“ DUHVWULFWHG IUDJP HQWRI OLQHDUORJLFȷ 0 RUHRYHUffl ZHP XVWZULWHSURRIVLQ DFHUWDLQ VW“ OHLQ RUGHUIRU/ / ) WREHDEOHWRFKHFNWKHLUFRUUHFWQHVVȷ

2 YHUYLHZ RI WKHSURRI : HZLVKWRSURYHWKDWIRU HYHU“ WUDFHfflSRVVLEO“ UHO“ LQJ RQWKHQHWZRUNWR FDUU“ P HVVDJHVWRSULQFLSDOVfflWKHUHH[LVWDQHTXLYDOHQWWUDFH ZKHUHWKHQHWZRUNLVQHYHUXVHGȷ : HGRWKLVE“ IRUı P XODWLQJ WZR YHUVLRQVRI WKHSURWRFROȷ 7UDFHVRI WKH V“ VWHP LQFOXGLQJ DVHSDUDWHQHWZRUNKDYHW“ SHORRSˇffl ZKLOHWUDFHVRI WKHV“ VWHP ZLWKRXWDQHWZRUNKDYHW“ SH

ORRS˘ȷ2 XUGHpQLWLRQRI HTXLYDOHQWWUDFHVLVWKDWWKHUH

LVQR QRWLFHDEOHGLoHUHQFHIURP WKHSRLQWRI YLHZ RI DQ“ KRQHVWSDUWLFLSDQWLQWKHSURWRFROÆ WKH“ VHQGDQG UHFHLYHWKHVDP HP HVVDJHVDQG DSSO“ WKHVDP HWUDQı VLWLRQVȷ 7KH/ / ) IRUP DOL]DWLRQRI WKLVSURRI LQYROYHV GHpQLWLRQRI DELQDU“ SUHGLFDWHQHW˘LQWUZKLFKUHODWHV D GHULYDWLRQ SRVVLEO“ LQYROYLQJ WKHQHWZRUN ffRI W“ SH

ORRSˇfifflDQGDGHULYDWLRQWKDWLVQHWZRUNIUHHffRI W“ SH
ORRS˘fiȷ7KHDUJXP HQWVRIWKLVSUHGLFDWHDUH/ / ) WHUP V

FRUUHVSRQGLQJ WRGHULYDWLRQVDQGWKHUHIRUHUHSUHVHQWLQJ WUDFHVȷ7KHSURRI RI HTXLYDOHQFHSURFHHGVE“ LQGXFWLRQ RQWKHVWUXFWXUHRI WKHGHULYDWLRQ XVLQJ WKHQHWZRUNffl XVLQJ DQHVWHGLQGXFWLRQRQWKHVWUXFWXUHRI WKHP HVı VDJHVZKHQHYHUZHHQFRXQWHUDQHWZRUNWUDQVP LVVLRQȷ

/ / ) SURRI FKHFNLQJ 7KH / / ) HTXLYDOHQFH SURRI

FRQVLVWVRI FODXVHVWKDWIRUP DOL]HHDFKLQGXFWLYHFDVHRI

WKHSURRIȷ : KLOH/ / ) FKHFNVWKHW“ SHRI HDFKFODXVHffl

W“ SHFKHFNLQJ GRHVQRWJXDUDQWHHWKDWWKHSURRI LVFRUı

UHFWVLQFHffDfi WKH/ / ) LP SOHP HQWDWLRQGRHVQRWJXDUı

DQWHHWKDWHDFK FDVHLVFRYHUHGffl DQG ffEfi LWGRHVQRW

FKHFNZKHWKHUXVHVRIWKHLQGXFWLRQK“ SRWKHVLVDUHZHOOı

IRXQGHGȷ+RZHYHUfflZHFDQSURYHDQDGHTXDF“ WKHRUHP

ZKLFKVKRZVWKDWDQ“ W“ SHıFKHFNHGSURRI RI DFHUWDLQ

IRUP P XVWEHDFRUUHFWSURRIȷ

,QRUGHUWRVWDWHWKLVUHVXOWfflZHZULWHc C^{/ / )} 0 Æϖ

IRUWKHMXGJP HQWWKDWWKH/ / ) WHUP 0 KDVW“ SHϖ ZLWK

UHVSHFWWRWKHffLQWXLWLRQLVWLFDQGOLQHDUfiGHFODUDWLRQVLQ c ȷ / HWc^{1 6} EHWKHFRP SOHWHVHWRI GHFODUDWLRQVXVHG

LQWKHHTXLYDOHQFHSURRIȷ

7 KHRUHP ˚ ff$ GHTXDF“ RI UHSUHVHQWDWLRQfiȷ / HW ϖ DQG ϱ EHSULQFLSDOVLQ ,QLWffl DQG �^{£ %} GHpQHG DV

DERYH

∫ 7KHUH LV D ELMHFWLRQ EHWZHHQ GHULYDWLRQV � RI ff1 6ϕ ϕ1 ϕ,QLWfi C �^{£ %} DQG / / ) WHUP V0 VXFK c^{1 6} C^{/ / )} 0 Æ

ORRSˇ LVGHULYDEOHffl

∫ 7KHUH LV D ELMHFWLRQ EHWZHHQ GHULYDWLRQV �^⊇ RI ff1 6ϕ ϕ,QLWfiC �_{£ %} DQG/ / ) WHUP V0^⊇ VXFKWKDW c_{1 6} C_{/ / )} 0^⊇ ÆORRS˘ LVGHULYDEOHffl

∫ ) RUHYHU“ WHUP 0 VXFKWKDWc_{1 6} C_{/ / )} 0 ÆORRSˇ LVGHULYDEOHffl WKHUH H[LVWWHUP V 0^⊇ DQG 3 VXFK WKDWc_{1 6} C_{/ / )} 0^⊇ ÆORRS˘ DQGc_{1 6} C_{/ / )} 3 Æ

QHW˘LQWU 0 0^⊇ DUHGHULYDEOHȷ

7KHWHUP V0 DQG0^⊇ DERYHFRQWDLQWKHVDP HVHTXHQFHV RI SURWRFROVWHSVfflDQGWKHVDP HWR1HW DQGIURP1HW WRı NHQVfflLQWKHVDP HRUGHUȷ

ß &RQFOXVLRQ

: HEHOLHYHWKDWDORJLFıEDVHGIRUP DOLVP DVGHVFULEHG LQWKLVSDSHUfflZLWKH[LVWHQWLDOTXDQWLpFDWLRQIRUFKRRVı LQJ QHZ YDOXHVfflSURYLGHVDXVHIXOQRWDWLRQIRUH[DP LQı LQJ WKHVWDQGDUG’ ROHYı¡DRSURWRFROVHFXULW“ DVVXP Sı WLRQVȷ8 VLQJ WKLVIRUP DOLVP fflZHFDQGHVFULEHDOOSURWRı FROVZHKDYHHQFRXQWHUHGE“ IRUP XODWLQJ DUHZULWHUXOH ffRUVHYHUDOUHODWHGUXOHVfiIRUHDFKVWHS RIHDFKSULQFLSDOȷ ,QDGGLWLRQfflZHKDYHGHYHORSHGVWDQGDUGWKHRULHVffVHWV RI UHZULWHUXOHVfi IRULQLWLDOL]DWLRQVWHSVVXFKDVJHQHUı DWLQJ DQGDQQRXQFLQJ SXEOLF NH“ VfflDQGIRUWKHQRQGHı WHUP LQLVWLF ’ ROHYı¡DRLQWUXGHUȷ 7KLVJLYHVXVDVHWRI FRQYHQWLRQVIRUGHVFULELQJ SURWRFROVDQGSURYLGHVWKH EDVLVIRUGHYHORSLQJ JHQHUDOWKHRUHP VDQG WHFKQLTXHV IRUSURWRFRODQDO“ VLVȷ

7KHUHDUHVHYHUDODGYDQWDJHVDQGLQWHQWLRQDOGLVDGı YDQWDJHVRI WKHIRUP DOLVP XVHG LQ WKLVSDSHUȷ 7KH

LQWHQWRI WKHGHVLJQ LVWKDWWKLVIRUP DOLVP SURYLGHV H[DFWO“ WKHSULP LWLYHVQHHGHG WR IRUP DOL]HSURWRFROVffl QRP RUHȷ 7KLVP DNHVLWSRVVLEOHWRDQDO“ ]HSURWRFROV ZLWKRXWKDYLQJ WR FRQIURQWFRP SOLFDWLRQVWKDWP LJKW EHLQKHUHQWLQ DIRUP DOLVP EXWQRWLQWULQVLF WR SURı WRFROVWKHP VHOYHVȷ ,QSDUWLFXODUfflZHDUHDEOHWRSURYH ORZHUERXQGVRQSURWRFRODQDO“ VLVWKDWVHHP IDLWKIXOWR WKHQRWLRQRI pQLWHıOHQJWKSURWRFROȷ 6LQFHWKHIRUP DOı LVP LVEDVHGRQOLQHDUORJLFfflZHKDYHDGLUHFWP HWKRG IRUGHVFULELQJ VWDWHFKDQJHVȷ ,Q FRQWUDVWffl D[LRP DWL]ı LQJ SURWRFROWUDFHVLQKLJKHUıRUGHUORJLFUHTXLUHVUDWKHU FRP SOH[ FRQGLWLRQVWRJXDUDQWHHWKDWZKHQDSULQFLSDO P RYHVIURP RQHVWDWHWR DQRWKHUffl WKHSUHYLRXVVWDWH LVQR ORQJHUDYDLODEOHIRUIXUWKHUXVHȷ ,Q FRP SDULVRQ ZLWKXVLQJ &63 ¿ˇœffl˘œffl˘ø@RU0 XUΩ ¿˘¸@fflRXUQRWDWLRQ DOORZVXVWR GHVFULEHXQERXQGHGUXQVRI WKHSURWRFRO VLP SO“fflUHFRYHULQJ ERXQGHGLQVWDQFHVRI WKSURWRFROE“ UHVWULFWLQJ WKHXVHVRI H[LVWHQWLDOTXDQWLpFDWLRQȷ 3HUı KDSVWKHFORVHVWIRUP DOLVP LVVSLıFDOFXOXV¿ˇ@ȷ+RZHYHUffl WKHUHDUHVHYHUDOFKDUDFWHULVWLFVRI WKHXQGHUO“ LQJ SLı FDOFXOXVffl VXFK DVFUHDWLRQ RI QHZ FKDQQHOVffl WKDWDUH DEVHQWIURP RXUV“ VWHP ffl P DNLQJ LWVLP SOHUWR SURYH P HWDıWKHRUHWLF UHVXOWVȷ ) LQDOO“fflZHVKRXOGP DNHFOHDU WKDWWKHIRUP DOLVP SUHVHQWHGLQ WKLVSDSHULVQRWLQı WHQGHGWREHDORJLFIRUVSHFLI“ LQJ DQGUHDVRQLQJ DERXW SURWRFROVfflRQO“ DQRWDWLRQIRUGHpQLQJ WKHEHKDYLRURI DSURWRFROLQWKHIDFHRI QHWZRUNLQWUXGHUȷ

: HKDYHIRXQGWKHOLQHDUıORJLF WRRO/ / ) XVHIXOIRU UHDVRQLQJ DERXWSURWRFROVȷ$ VDpUVWVWHS WRZDUGGHYHOı RSLQJ DQDOJRULWKP LFP HWDıWKHRU“ RISURWRFROVfflZHKDYH SURYHGFRUUHFWQHVVRI DSURWRFRÒLQWUXGHURSWLP L]DWLRQ XVLQJ WKLVWRROȷ : HH[SHFWWRGHYHORS DQGYHULI“ DGGLı WLRQDORSWLP L]DWLRQVDQGWUDQVIRUP DWLRQVȷ ,QDGGLWLRQ WR P HWDıUHVXOWVffl / / ) DOVR VHHP VXVHIXOIRUVHDUFKLQJ WKHSRVVLEOHUXQVRI DSURWRFRODQGLQWUXGHUȷ: KLOHZH GRQRWH[SHFWSXUH/ / ) WREHP RUHHr FLHQWRUP RUH FRP SUHKHQVLYHWKDQ WRROVVXFK DVWKH1 5/ DQDO“ ]HU ¿˘ˇ@WKDWKDYHEHHQUHpQHG RYHUP DQ“ “ HDUVfflWKHUHLV VRP HEHQHpWLQ WKHVLP SOLFLW“ RI WKHWRROȷ ,I ZHFDQ LP SURYHRXUVHDUFKıVWUDWHJ“ ODQJXDJHWRP DNHLWP RUH HoHFWLYHLQFRP P RQFDVHVfflWKHQWKLVP D“ OHDGWREHWı WHUXQGHUVWDQGLQJ RI JHQHUDOWHFKQLTXHVWKDWFRXOGEH DGRSWHGLQDYDULHW“ RI VHWWLQJVȷ

) LQDOO“fflDOWKRXJKQRWGLVFXVVHGLQWKLVSDSHUfflZHEHı OLHYHWKDWWKHUHP D“ EHVRP HDGYDQWDJHLQGHYHORSLQJ WUDQVODWLRQVEHWZHHQWKHQRWDWLRQXVHGKHUHDQGRWKHU VWDQGDUG SURWRFROIRUP DOLVP Vȷ : HEHOLHYHWKHWUDQVı ODWLRQ LQWR 0 XUΩ LVVWUDLJKWIRUZDUG DQG HDV“ WR LP ı SOHP HQWfflDVLVDWUDQVODWLRQLQWRSURFHVVFDOFXOXVZLWK ı RSHUDWRU¿ˇ˘@ȷ 2 Q WKLVEDVLVfflZHEHOLHYHWKHUHP D“ EHSUDFWLFDOWUDQVODWLRQVLQWR&63fflIRUH[DP SOHfflEDVHG RQFKRRVLQJ ERXQGVRQWKHQXP EHURI QHZ YDOXHVWKDW DUHWR EHJHQHUDWHG LQ DQ“ UXQȷ ,WDOVR VHHP VIHDVLı

EOHWR WUDQVODWHSURWRFROGHpQLWLRQ ODQJXDJHVVXFK DV

&$ 63( 5 ¿ˇø@DQG &$ 36/ ¿˘˘@LQWR WKLVIRUP DOLVP ffl

P DNLQJ LWSRVVLEOHWR XVHRXUIUDP HZRUNDVDQ LQWHUı

P HGLDWHODQJXDJHLQ VRP HNLQG RI IHGHUDWHG SURWRFRO

DQDO“ VLVHQYLURQP HQWȷ

£FNQRZOHGJP HQWVÆ 7KDQNVWR* ULW’ HQNHUffl-RQ0 LOOHQffl

0 RXUDG ’ HEEDELffl 0 DUN 0 LWFKHOOffl 9 LWDO“ 6KP DWLNRY

DQG8 OULFK6WHUQIRUKHOSIXOGLVFXVVLRQVȷ

5 HIHUHQFHV

¿ˇ@0 ȷ$ EDGLDQG$ ȷ* RUGRQȷ$ FDOFXOXVIRUFU“ SWRJUDSKLF

SURWRFROVÆ WKHVSLFDOFXOXVȷ ,QIRUP DWLRQDQG&RP SXı

WDWLRQfflˇ˚œffˇfiÆ̌ ^æ´fflˇøøøȷ

¿˘@6ȷ$ ELWHERXOffl5 ȷ+XOOfflDQG9 ȷ9 LDQXȷ ) RXQGDWLRQVRI

’ DWDEDVHVȷ $ GGLVRQı: HVOH“fflˇøø¸ȷ

¿¯@-ȷı3ȷ%DQADWUHDQG’ ȷ/ ȷ0 wHWD“ HUȷ&RP SXWLQJ E“ P XOı

WLVHWWUDQVIRUP DWLRQȷ &RP P XQFDWLRQVRI WKH £ &0 ffl

¯ßÆøœ^ˇˇˇfflˇøø¯ȷ

¿˚@* ȷ %HUU“ DQG * ȷ %RXGROȷ 7 KH FKHP LFDODEVWUDFW

P DFKLQHȷ 7 KHRUHWLFDO&RP SXWHU6FLHQFHffløßÆ̆ ˇæ^˘˚œffl

ˇøø˘ȷ

¿¸@,ȷ&HUYHVDWRDQG) ȷ3IHQQLQJȷ $ OLQHDUORJLFDOIUDP Hı

ZRUNȷ,Q( ȷ&ODUNHfflHGLWRUffl3URFHHGLQJVRI WKH( OHYHQWK

£ QQXDO6“P SRVLXP RQ/ RJLF LQ&RP SXWHU6FLHQFH˙

/ ,&6Ωøßffl SDJHV˘ß˚^˘æ¸ffl 1 HZ %UXQVZLFNffl 1 -ffl -XO“

ˇøøßȷ,( ( ( &RP SXWHU6RFLHW“ 3UHVVȷ

¿ß@-ȷ&ODUNDQG-ȷ-DFREȷ$ VXUYH“ RI DXWKHQWLFDWLRQSURı

WRFROOLWHUDWXUHȷ: HE ’ UDIW9HUVLRQˇȷ́ DYDLODEOHIURP

KWWSÆ``ZZZȷFVȷ\RUNȷDFȷXN` MDF`SDSHUV`GUDUHYLHZSVȷSVffl

ˇøøæȷ

¿æ@( ȷ&ODUNHffl6ȷ-KDfflDQG: ȷ0 DUUHURȷ8 VLQJ VWDWHVSDFH

H[SORUDWLRQ DQG D QDWXUDOGHGXFWLRQ VW“ OH P HVVDJH

GHULYDWLRQHQJLQHWRYHULI“ VHFXULW“ SURWRFROVȷ,Q3URFȷ

,) ,3 : RUNLQJ &RQIHUHQFHRQ 3URJUDP P LQJ &RQFHSWV

DQG0 HWKRGVff352 &2 0 ( 7fifflˇøøœȷ

¿œ@. ȷ&RP SWRQ DQG 6ȷ’ H[WHUȷ 3URYLQJ DXWKHQWLFDWLRQ

SURWRFROVLQ DIUDJP HQWRI OLQHDUORJLFȷ 0 DQXVFULSWffl

ˇøøœȷ

¿ø@* ȷ’ HQNHUffl-ȷ0 HVHJXHUfflDQG&ȷ7DOFRWWȷ3URWRFROVSHFı

LpFDWLRQDQGDQDO“ VLVLQ0 DXGHȷ,Q3URFȷRI : RUNVKRS

RQ) RUP DO0 HWKRGVDQG6HFXULW“ 3URWRFROVfflˇøøœȷ

¿ˇ´@’ ȷ / ȷ ’ LOOffl $ ȷ -ȷ ’ UH[OHUffl $ ȷ -ȷ +Xffl DQG &ȷ +ȷ

¡DQJȷ 3URWRFROYHULpFDWLRQDVDKDUGZDUHGHVLJQDLGȷ

,Q ,( ( ( ,QWHUQDWLRQDO&RQIHUHQFHRQ &RP SXWHU’ Hı

VLJQÆ 9 / 6, LQ&RP SXWHUVDQG3URFHVVRUVfflSDJHV¸˘˘^

¸fflˇøø˘ȷ

¿ˇˇ@’ ȷ’ ROHYDQG $ ȷ¡DRȷ 2 Q WKHVHFXULW“ RI SXEOLFıNH“

SURWRFROVȷ,( ( ( 7UDQVDFWLRQVRQ,QIRUP DWLRQ7 KHRU“ ffl

˘ff˘øfifflˇøœ¯ȷ

¿ˇ˘@1 ȷ’ XUJLQDQG-ȷ0 LWFKHOOȷ$ QDO“ VLVRI VHFXULW“ SURWRı

FROVȷ 7RDSSHDULQWKH3URFHHGLQJVRI WKHˇøøœ ,QWHUı

QDWLRQDO6XP P HU6FKRRORI 0 DUNWREHUGRUIfflˇøøøȷ

¿ˇ¯@+ȷ( QGHUWRQȷ £ 0 DWKHP DWLFDO,QWURGXFWLRQ WR / RJLFȷ

$ FDGHP LF 3UHVVfflˇøæ˘ȷ

¿ˇ˚@-ȷı¡ȷ* LUDUGȷ/ LQHDUORJLFȷ7 KHRUHWLFDO&RP SXWHU6FLı

HQFHffl¸´Æ̌ ^ˇ´˘fflˇøœæȷ

¿ˇ¸@-ȷ+DUODQGffl’ ȷ3“ P fflDQG0 ȷ: LQLNRoȷ 3URJUDP P LQJ

LQ / “ JRQÆ $ Q RYHUYLHZȷ ,Q 0 ȷ : LUVLQJ DQG 0 ȷ 1 Lı

YDWfflHGLWRUVffl£ OJHEUDLF0 HWKRGRORJ“ DQG6RIWZDUH7HFKı

QRORJ“fflSDJHV¯øˇ^˚´¸ffl0 XQLFKffl* HUP DQ“ffl-XO“ ˇøøßȷ

6SULQJHUı9HUODJ / 1 &6 ˇˇ´ˇȷ

¿ˇß@0 ȷ. DQRYLFKffl0 ȷ2 NDGDfflDQG$ ȷ6FHGURYȷ 6SHFLI“ LQJ

UHDOıWLP HpQLWHıVWDWHV“ VWHP VLQOLQHDUORJLFȷ,Q&2 7,&

ΩøœÆ 6HFRQG: RUNVKRS RQ&RQFXUUHQW&RQVWUDLQW3URı

JUDP P LQJ IRU7LP Hı&ULWLFDO£ SSOLFDWLRQVDQG 0 XOWLı

£JHQW6“VWHP Vffl1 LFHffl ) UDQFHffl ˇøøœȷ( OHFWURQLF 1 RWHV

LQ7 KHRUHWLFDO&RP SXWHU6FLHQFHffl9ROXP Hˇßffl,VVXHˇȷ

KWWSÆ̀ `ZZZȷHOVHYLHUȷQÒORFDWH̀HQWFVȷ

¿ˇæ@5 ȷ. HP P HUHUffl&ȷ0 HDGRZVfflDQG-ȷ0 LOOHQȷ7KUHHV“ Vı

WHP VIRUFU“ SWRJUDSKLF SURWRFRODQDO“ VLVȷ -ȷ&U“ SWROı

RJ“fflæff˘fiÆæø^ˇ¯´fflˇøø˚ȷ

¿ˇœ@* ȷ/ RZHȷ%UHDNLQJ DQGp[ LQJ WKH1 HHGKDP ı6FKURHGHU

SXEOLFıNH“ SURWRFROXVLQJ &63 DQG) ’ 5 ȷ ,Q˘QG,Qı

WHUQDWLRQDO: RUNVKRS RQ 7RROV DQG £OJRULWKP V IRU

WKH&RQVWUXFWLRQ DQG£ QDO“VLVRI 6“VWHP Vȷ 6SULQJHUı

9HUODJfflˇøøßȷ

¿ˇø@* ȷ/ RZHȷ &DVSHUÆ DFRP SLOHUIRUWKHDQDO“ VLVRI VHFXı

ULW“ SURWRFROVȷ,Q3URFȷˇ´WK,( ( ( &RP SXWHU6HFXULW“

) RXQGDWLRQV: RUNVKRSfflSDJHVˇœ^¯´fflˇøøæȷ

¿˘´@&ȷ 0 HDGRZVȷ $ QDO“ ]LQJ WKH 1 HHGKDP ı6FKURHGHU

SXEOLFıNH“ SURWRFROÆ DFRP SDULVRQRI WZRDSSURDFKHVȷ

,Q3URFȷ( XURSHDQ 6“ P SRVLXP 2 Q 5HVHDUFK,Q &RP ı

SXWHU6HFXULW“ȷ6SULQJHU9HUODJfflˇøøßȷ

¿˘ˇ@&ȷ 0 HDGRZVȷ 7 KH 1 5 / SURWRFRO DQDO“ ]HUÆ DQ

RYHUYLHZȷ-ȷ/ RJLF3URJUDP P LQJffl˘ßff˘fiÆ̌ ˇ¯^ˇ¯ˇfflˇøøßȷ

¿˘˘@-ȷ0 LOOHQȷ &$ 36/ Æ&RP P RQ DXWKHQWLFDWLRQ SURWRFRO

VSHFLpFDWLRQODQJXDJHȷ 7HFKQLFDO5 HSRUW0 3 øæ%˚œffl

7 KH0 ,7 5 ( &RUSRUDWLRQfflˇøøæȷ

¿˘¯@’ ȷ 0 LOOHUȷ $ P XOWLSOHıFRQFOXVLRQ VSHFLpFDWLRQ ORJLFȷ

7 KHRUHWLFDO&RP SXWHU6FLHQFHfflˇß¸ffˇfiÆ̆ ´ˇ^˘¯˘fflˇøøßȷ

¿˘˚@-ȷ 0 LWFKHOOȷ $ QDO“ VLV RI VHFXULW“ SURWRFROVȷ

6OLGHV IRU LQYLWHG WDON DW&$9 Ωøœffl DYDLODEOH DW

KWWSÆ``ZZZȷVWDQIRUGȷHGX`aMFPffl-XO“ ˇøøœȷ

¿˘¸@-ȷ 0 LWFKHOOffl 0 ȷ 0 LWFKHOOffl DQG 8 ȷ 6WHUQȷ $ XWRP DWHG

DQDO“ VLVRI FU“ SWRJUDSKLF SURWRFROVXVLQJ 0 XU

Ωȷ ,Q 3URFȷ ,( ( ( 6“P Sȷ 6HFXULW“ DQG3ULYDF“ fflSDJHVˇ˚ˇ^ ˇ¸ˇfflˇøøæȷ ¿˘ß@5 ȷ1 HHGKDP DQG0 ȷ6FKURHGHUȷ 8 VLQJ HQFU“ SWLRQIRU DXWKHQWLFDWLRQLQODUJHQHWZRUNVRI FRP SXWHUVȷ &RP ı P XQLFDWLRQVRI WKH£&0 ffl˘ˇffˇ˘fiÆøø¯^øøøfflˇøæœȷ ¿˘æ@/ ȷ3DXOVRQȷ 3URYLQJ SURSHUWLHVRI VHFXULW“ SURWRFROV E“ LQGXFWLRQȷ,Qˇ´WK,( ( ( &RP SXWHU6HFXULW“ ) RXQı GDWLRQV: RUNVKRSfflSDJHVæ´^œ¯fflˇøøæȷ ¿˘œ@$ ȷ: ȷ5 RVFRHȷ 0 RGHOOLQJ DQGYHULI“ LQJ NH“ ıH[FKDQJH SURWRFROVXVLQJ &63 DQG) ’ 5 ȷ,QœWK,( ( ( &RP SXWHU 6HFXULW“ ) RXQGDWLRQV: RUNVKRSfflSDJHVøœ^ˇ´æȷ,( ( ( &RP SXWHU6RF 3UHVVfflˇøø¸ȷ ¿˘ø@6ȷ6FKQHLGHUȷ 6HFXULW“ SURSHUWLHVDQG&63ȷ ,Q,( ( ( 6“P Sȷ6HFXULW“ DQG3ULYDF“fflˇøøßȷ ¿¯´@0 ȷ6LSVHUȷ,QWURGXFWLRQWRWKH7KHRU“ RI &RP SXWDWLRQȷ 3: 6 3XEOLVKLQJfflˇøøæȷ

,QLWLDOL]DWLRQ 7 KHRU“ �Æ

* 2 2 ’ * 8 ¡Æ ÷ ≪N^HυN^Gυ* RRG* X“ ffN^HϕN^Gfiϕ. 3 ffN^HϕN^Gfi

%$ ’ . ( ¡Æ ÷ ≪N^HυN^Gυ. 3 ffN^HϕN^Gfiϕ%DG. H“ ffN^HϕN^Gfi

52 / $ Æ * RRG* X“ ffN^HϕN^Gfi ÷ * RRG* X“ ffN^HϕN^Gfiϕϖ^´ ffN^Hfi

52 / %Æ * RRG* X“ ffN^HϕN^Gfi ÷ * RRG* X“ ffN^HϕN^Gfiϕϱ^´ ffN^Hfi

$ 1 1 . Æ * RRG* X“ ffN^HϕN^Gfi ÷ £QQ. ffN^Hfiϕ* RRG* X“ ffN^HϕN^Gfi

$ 1 1 . %Æ %DG. H“ ffN^HϕN^Gfi ÷ £QQ. ffN^Hfiϕ%DG. H“ ffN^HϕN^Gfi

3 URWRFRO7 KHRULHV� DQG � Æ

$ ˇÆ £QQ. ffN_⊇^Hfiϕϖ^´ ffN^Hfi ÷ ≪♭ υϖ^ˇ ffN^HϕN_⊇^Hϕ♭ fiϕ1^{6 ˇ} ffHQFffN_⊇^HϕK♭ϕN^HLfifiϕ£QQ. ffN_⊇^Hfi

$ ˘Æ ϖ^ˇ ffN^HϕN_⊇^Hϕ♭ fiϕ1^{5 ˘} ffHQFffN^HϕK♭ ϕ♮ Lfifi ÷ ϖ^˘ ffN^HϕN_⊇^Hϕ♭ ϕ♮ fiϕ1^{6 ¯} ffHQFffN_⊇^Hϕ♮ fifi

%ˇÆ ϱ^´ ffN^Hfiϕ1^{5 ˇ} ffHQFffN^HϕK♭ ϕN_⊇^HLfifiϕ£QQ. ffN_⊇^Hfi ÷ ≪♮ υϱ^ˇ ffN^HϕN_⊇^Hϕ♭ϕ♮ fiϕ1^{6 ˘} ffHQFffN_⊇^HϕK♭ ϕ♮ Lfifiϕ£QQ. ffN_⊇^Hfi

%˘Æ ϱ^ˇ ffN^HϕN_⊇^Hϕ♭ϕ♮ fiϕ1^{5 ¯} ffHQFffN^Hϕ♮ fifi ÷ ϱ^˘ ffN^HϕN_⊇^Hϕ♭ ϕ♮ fi

$ ( [ DP SOHÆ 1 HHGKDP ı6FKURHGHU3 XEı OLF . H“ 3 URWRFRO

$ VDQH[DP SOHfflZHJLYHWKHIXOOWKHRU“ RI WKHWKUHHı VWHS FRUHRI WKH1 HHGKDP ı6FKURHGHUSXEOLFıNH“ SURWRı FROȷ ϖ ⌊÷ ϱ Æ Iϖ ϕ1_DJ_{▷ E} ϱ ⌊÷ ϖ Æ I1_Dϕ1_EJ_{▷ D} ϖ ⌊÷ ϱ Æ I1_EJ_{▷ E} 1 RWHWKDWWKLVLVD VLP SOLpHG YHUVLRQ RI WKHSURı WRFROfflZKHUHWKHXVHRI DWUXVWHG VHUYHUWR GLVWULEXWH WKHSXEOLF NH“ VLVRP LWWHGȷ 7KLVUHVXOWVLQDSDUWLFXı ODUO“ VWUDLJKWIRUZDUGUHSUHVHQWDWLRQIRUWKH,QLWLDOL]Dı WLRQDQG3URWRFRO7KHRULHVȷ

7KH,QLWLDOL]DWLRQ7KHRU“ LVVKRZQLQ7DEOH˚ȷ+HUHffl WKHSUHGLFDWH* RRG* X“ LQGLFDWHVDQ XQFRP SURP LVHG SULQFLSDOfflSDUDP HWHUL]HGE“ LWVHQFU“ SWLRQDQGGHFU“ Sı WLRQffSXEOLFDQGSULYDWHfiNH“ Vȷ)RUVLP SOLFLW“fflZHLGHQı WLI“ WKHSULQFLSDOZLWKLWVSXEOLF NH“ ffLȷHȷ ZKHUH?$ Π DSSHDUVLQWKHSURWRFROfflZHXVHWKHSXEOLF NH“ ?▷_DΠfiȷ 7KH* 2 2 ’ * 8 ¡ UXOHDOORZVIRUWKHFUHDWLRQRI DQXQı OLP LWHGQXP EHURI SULQFLSDOVfflHDFKZLWKDXQLTXHNH“ SDLUfflGHQRWHGE“ WKHSUHGLFDWH. 3 ȷ

7KH%$ ’ . ( ¡ UXOHSURYLGHVDP HFKDQLVP IRUVSHFı LI“ LQJ DQXQOLP LWHGQXP EHURI FRP SURP LVHGNH“ SDLUVffl ZKLFKDSSHDUWREHORQJ WRYDOLGSULQFLSDOVfflEXWZKRVH SULYDWHNH“ VDUHNQRZQWRWKHLQWUXGHUȷ7KHSUHGLFDWH %DG. H“ GHQRWHVWKHVHFRP SURP LVHGNH“ SDLUVȷ

52 / $ DQG52 / %DOORZ DQXQOLP LWHGQXP EHURIVHVı VLRQVWREHVWDUWHGIRUDQ“ SULQFLSDOWRDFWLQWKHUROHRI HLWKHU?$ OLFHΠ ffWKHLQLWLDWRUfiRU?%REΠ ffWKHUHVSRQGHUfiȷ ϖ_´ DQGϱ_´ GHQRWHWKHLQLWLDOUROHVWDWHIRUWKH$ DQG %UROHVfflUHVSHFWLYHO“fflSDUDP HWHUL]HGE“ WKHSXEOLF NH“ ffSULQFLSDOfiDFWLQJ LQWKDWUROHȷ

6LQFHZHDUHRP LWWLQJ WKHWUXVWHGVHUYHUIURP WKLV H[DP SOHfflZHDFFRP SOLVKNH“ GLVWULEXWLRQE“ KDYLQJ WKH SULQFLSDOVDQQRXQFHWKHLUNH“ Vȷ 7KH$ 1 1 . UXOHDFı FRP SOLVKHVWKLVIRUWKH* RRG* X“ SDUWLFLSDQWVffl ZKLOH WKH$ 1 1 . %UXOHGRHVWKHVDP HIRUWKH%DG. H“ SDLUVȷ 1 RWHWKDWERWKUXOHVJHQHUDWHDSUHGLFDWH£QQ. LQGLı FDWLQJ DSXEOLFNH“ WKDWLVDYDLODEOHIRUFRP P XQLFDWLRQffl VR IURP WKLVSRLQWWKHYDOLGSDUWLFLSDQWVFDQΩWGLVWLQı JXLVKWKHJRRGJX“ VIURP WKHEDGJX“ Vȷ

1 RWHWKDWLQWKLVLQLWLDOL]DWLRQWKHRU“fflDOOSUHGLFDWHV DUHSHUVLVWHQWH[FHSWIRULQLWLDOUROHVWDWHVϖ_´ DQGϱ_´ ȷ

7KHSURWRFROWKHRULHVffl VKRZQ LQ 7DEOH˚ffl DUHGHı ULYHGGLUHFWO“ IURP WKHVSHFLpFDWLRQRI WKH1 HHGKDP ı 6FKURHGHUSURWRFROȷ 7KHRU“ � FRUUHVSRQGVWRWKHUROH RI ?$ OLFHΠfflDQGWKHRU“ � FRUUHVSRQGVWR?%REΠȷ ,QUXOH$ ˇfflZKLFKFRUUHVSRQGVWRWKHpUVWOLQHRI WKH SURWRFROfflDSULQFLSDON_HfflLQLWVLQLWLDOVWDWHϖ_´ fflGHFLGHV WRWDONWRDQRWKHUSULQFLSDON^⊇_HfflZKRVHNH“ KDVEHHQDQı QRXQFHGȷ $ QHZ QRQFH♭ LVJHQHUDWHGffl DORQJ ZLWK D QHWZRUNP HVVDJH1_{6 ˇ} FRUUHVSRQGLQJ WR WKHpUVWP HVı VDJHVHQWLQWKHSURWRFROfflDQGWKHSULQFLSDOP RYHVWR WKHQHZ VWDWH$ ˇfflUHP HP EHULQJ WKHYDOXHVRI ♭ DQGN^⊇_Hȷ 1 RWHWKDWVLQFH£QQ. LVSHUVLVWHQWfflLWP XVWDOVRDSSHDU RQWKHULJKWKDQGVLGHRI WKHUXOHȷ

,QVWHS %ˇfflFRUUHVSRQGLQJ WRWKHVHFRQGVWHS RI WKH

SURWRFROffl D SULQFLSDON^Hffl LQ WKHLQLWLDOVWDWHϱ^´ ffl UHı

VSRQGVWR DP HVVDJHRQ WKHQHWZRUN ZKLFK LVRI WKH

H[SHFWHGIRUP DWffLȷHȷ HQFU“ SWHGZLWKN^HΩVSXEOLF NH“ffl

DQGZLWKWKHLGHQWLW“ RI DSDUWLFLSDQWZKRVHNH“ KDV

EHHQDQQRXQFHGfflHP EHGGHGLQVLGHfiȷ N^H JHQHUDWHVDQı

RWKHUQRQFHfflDQGUHSOLHVWRWKHP HVVDJHfflP RYLQJ WRD

QHZ VWDWHϱ^ˇ ZKHUHDOOWKHLQIRUP DWLRQffWKHWZRQRQFHV

DQGWKHWZRSULQFLSDOVfiLVUHP HP EHUHGȷ

6LP LODUO“ffl $ ˘ FRUUHVSRQGVWR WKHWKLUG OLQHRI WKH

SURWRFROfflDQG%˘ FRUUHVSRQGVWRWKHLP SOLFLWVWHS ZKHUH

WKHUHVSRQGHUDFWXDOO“ UHFHLYHVWKHpQDOP HVVDJHȷ

1 RWHWKDWVHQWP HVVDJHVDUHGHQRWHGE“ 1^{6 L} DQGUHı

FHLYHGP HVVDJHVDUHGHQRWHGE“ DFRUUHVSRQGLQJ SUHGı

LFDWH1^{5 L}ȷ 7KHLQWUXGHUWKHRU“fflGHVFULEHGLQWKHQH[W

VHFWLRQfflFDQEHWKRXJKWRI DVSURYLGLQJ DQHWZRUNWKDWffl

DWDP LQLP XP fflWUDQVIRUP V1^{6 L}ΩVWR1^{5 L}ΩVfflVRWKHSURı

WRFROFDQH[HFXWHȷ

7KH,QWUXGHU7KHRU“ LVVKRZQLQ7DEOH¸ȷ +HUHWKH

0 SUHGLFDWHGHQRWHVSHUVLVWHQWIDFWVNQRZQWRWKHLQı

WUXGHUfflZKLOHφ DQG ς UHSUHVHQWQRQıSHUVLVWHQWIDFWV

ZKLFK FDQ EHGHFRP SRVHG DQG FRP SRVHG LQWR RWKHU

IDFWVȷ

/ 51 . %LVDQLQLWLDOL]DWLRQUXOHWKDWDOORZVWKHLQı

WUXGHUWROHDUQDQ“ %DG. H“ Vȷ6LQFH%DG. H“ SUHGLFDWHV

DUHJHQHUDWHGRQO“ E“ WKHLQLWLDOL]DWLRQWKHRU“fflZHNQRZ

IURP / HP P Dˇ WKDWWKLVUXOHRQO“ QHHGVWREHDSSOLHG

RQFHSHUGHULYDWLRQfflSHU%DG. H“ IDFWȷ

7KH5( & DQG 61 ’ UXOHVDUHXVHG WR FRQQHFWWKH

LQWUXGHUWRWKHQHWZRUNEHLQJ XVHGE“ WKHSDUWLFLSDQWVȷ

7KH5 ( & UXOHLQWHUFHSWVDP HVVDJHIURP WKHQHWZRUN

DQG VDYHVLWDVDGHFRP SRVDEOHIDFWȷ 7KH61 ’ UXOH

VHQGVFRP SRVHGIDFWVRQWRWKHQHWZRUNȷ

7KH&2 0 3 UXOHDOORZ WKHXVHUWR FRP SRVHVP DOO

WHUP VLQWRODUJHURQHVfflZKLOHWKH’ &0 3 UXOHDOORZVIRU

GHFRP SRVLWLRQRI ODUJHWHUP VLQWRVP DOOHURQHVȷȷ

/ 51 FRQYHUWVD GHFRP SRVDEOH IDFWLQWR LQWUXGHU

NQRZOHGJHfflDQG8 6( FRQYHUWVLQWUXGHUNQRZOHGJHLQWR

DFRP SRVDEOHIDFWȷ

7KH( 1 & DQG’ ( & UXOHVDOORZ WKHLQWUXGHUWRGHı

FU“ SWD P HVVDJHLI LWNQRZVWKHSULYDWHNH“ffl DQG WR

JHQHUDWHHQFU“ SWHGP HVVDJHIURP NQRZQSXEOLFNH“ Vȷ

1 RWH WKDW/ 5 1 $ DQG ’ ( &$ DUH GHFRP SRVLWLRQ

UXOHVZLWKDX[LOOLDU“ IDFWVWKDWKDQGOHDVSHFLDOFDVHIRU

HQFU“ SWHGP HVVDJHVȷ,I WKHP HVVDJHFDQΩWEHGHFU“ SWHG

EHFDXVHWKHNH“ LVQΩWFXUUHQWO“ NQRZQffl/ 5 1 $ UHP HP ı

EHUVWKHGHFU“ SWHG P HVVDJHZLWK WKHVSHFLDO?$ X[LOı

OLDU“ Π SUHGLFDWHfflϖ ȷ 7KH’ ( &$ UXOHDOORZV$ X[LOOLDU“

P HVVDJHVWREHGHFU“ SWHGDWDODWHUWLP HfflLI WKHGHFU“ Sı

WLRQNH“ EHFRP HVNQRZQȷ

) LQDOO“ffl * ( 1 DOORZVWKHLQWUXGHUWR JHQHUDWHQHZ

IDFWVffLȷHȷQRQFHVfiDVQHHGHGȷ

7KLV,QWUXGHU7KHRU“ FDQ EHGLYLGHG LQWR &RP SRı

VLWLRQDQG’ HFRP SRVLWLRQUXOHVfflDVVKRZQLQ7DEOH¸ȷ

6RfflWKLVLVD7ZRı3KDVH,QWUXGHU7KHRU“fflDVGHVFULEHG

LQ6HFWLRQ¯ȷ̄ ȷ

% + RUQ&ODXVHVZLWK( [ LVWHQWLDO4 XDQı

WLpFDWLRQ

$ QH[LVWHQWLDO+RUQFODXVHLVDFORVHGpUVWıRUGHUIRUı

P XODRI WKHIRUP ⊃♭^ˇ υυυ⊃♭^L¿ffo^ˇ AυυυAo^Nfi ⊙ ≪♮^ˇ υυυ≪♮^Mffp^ˇ AυυυAp^Cfi@ ZKHUHo^ˇ ϕυυυϕo^Nϕp^ˇ ϕυυυϕp^C DUHpUVWıRUGHUDWRP LFIRUı

P XODVȷ : LWKRXWUHVWULFWLRQRQWKHIRUP RI WKHDWRP LF

IRUP XODVffl XQGHFLGDELOLW“ RI WKH LP SOLFDWLRQ SUREOHP

IRUH[LVWHQWLDO+RUQ FODXVHVIROORZVLP P HGLDWHO“ IURP

WKHXQGHFLGDELOLW“ RI +RUQFODXVHVZLWKRXWH[LVWHQWLDO

TXDQWLpHUVȷ 7KHSUREOHP RI LQWHUHVWWRXVfflKRZHYHUfflLV

LP SOLFDWLRQZKHQWKHDWRP LFIRUP XODVFRQWDLQQRIXQFı

WLRQV“ P EROVȷ

7KHIRUP XODVZHDUHLQWHUHVWHGLQDUHDVSHFLDOFDVH

RI GDWDEDVHGHSHQGHQFLHV¿˘@ȷ+RZHYHUfflZKLOHGDWDEDVH

GHSHQGHQFLHVLQFOXGHH[LVWHQWLDOTXDQWLpFDWLRQDQGGR

QRWLQYROYHIXQFWLRQ V“ P EROVffl GDWDEDVHGHSHQGHQFLHV

DOVRDOORZ HTXDOLW“ LQWKHFRQFOXVLRQVRI +RUQFODXVHVȷ

6LQFHZHGRQRWXVHHTXDOLW“ LQRXUSURWRFROVffH[FHSW

E“ SDWWHUQP DWFKLQJ LQWKHK“ SRWKHVHVRI UXOHVfifflLWLV

QRWLP P HGLDWHO“ FOHDUWRXVZKHWKHUWKHIROORZLQJ WKHı

RUHP LVDFRQVHTXHQFHRI VWDQGDUGUHVXOWVLQGDWDEDVH

GHSHQGHQF“ WKHRU“ȷ

7 KHRUHP ¸ ȷ 7KHLP SOLFDWLRQ SUREOHP IRUH[LVWHQWLDO

+RUQFODXVHVZLWKRXWIXQFWLRQV“ P EROVLVXQGHFLGDEOHȷ

,QSDUWLFXODUfflWKHUHLVQRDOJRULWKP IRUGHFLGLQJ ZKHWKHU

DVHWRI H[LVWHQWLDO+RUQFODXVHVZLWKRXWIXQFWLRQV“ P ı

EROVLP SOLHVDVLQJOHDWRP LFIRUP XODϖ ffE^ˇ ϕυυυϕE^NfiZLWKı

RXWIXQFWLRQV“ P EROVRUYDULDEOHVȷ

7KLV WKHRUHP KDV D VWUDLJKWIRUZDUG GLUHFWSURRI

EDVHGRQD[LRP DWL]LQJ D&RRNΩVıWKHRUHP ıVW“ OH7XULQJ

P DFKLQHWDEOHDXȷ 6SHFLpFDOO“ffl JLYHQ DQ“ 7XULQJ P Dı

FKLQHfflZHZULWHD[LRP VRI WKHIRUP ⊃♭ ϕ♮ ϕ♯υ¿ff$GMff♭ ϕ♮ fiA$GMff♮ ϕ♯fiA &RQWff♭ ϕ´fiA&RQWff♮ ϕˇυT^LfiA&RQWff♯ϕˇfifi

⊙ ≪♭_⊇ϕ♮_⊇ϕ♯_⊇ffff$GMff♭_⊇ϕ♮_⊇fiA$GMff♮_⊇ϕ♯_⊇fiA

%HORZff♭_⊇ϕ♭ fiA%HORZff♮_⊇ϕ♮ fiA%HORZff♯_⊇ϕ♯fifiA

&RQWff♭_⊇ϕ´υT^MfiA&RQWff♮_⊇ϕ´fiA&RQWff♯ϕˇfifi

,QWKLVIRUP XODfflWKHYDULDEOHVUHSUHVHQWFHOOVRI WKH7XUı

LQJ P DFKLQHWDEOHDXffLȷHȷfflFHOOVRIWKHWDSHDWVRP HVWDJH

,QLWLDOL]DWLRQ5 XOHVÆ

/ 5 1 . %Æ %DG. H“ ffN_HϕN_Gfi ÷ 0 ffN_Hfiϕ0 ffN_Gfiϕ%DG. H“ ffN_HϕN_Gfi

,`2 5XOHVÆ

5 ( &Æ 1_{6 L}ff♭ fi ÷ φ ff♭ fi 61 ’ Æ ςff♭ fi ÷ 1_{5 L}ff♭fi

’ HFRP SRVLWLRQ5XOHVÆ ’ &0 3Æ φ ffK♭ ϕ♮ Lfi ÷ φ ff♭ fiϕφ ff♮ fi / 5 1 Æ φ ff♭ fi ÷ 0 ff♭ fi ’ ( &Æ 0 ffN_Gfiϕ. 3 ffN_HϕN_Gfiϕφ ffHQFffN_Hϕ♭fifi ÷ 0 ffN_Gfiϕ. 3 ffN_HϕN_Gfiϕφ ff♭ fiϕ0 ffHQFffN_Hϕ♭ fifi / 5 1 $ Æ φ ffHQFffN_Hϕ♭ fifi ÷ 0 ffHQFffN_Hϕ♭ fifiϕϖ ffHQFffN_Hϕ♭ fifi ’ ( &$ Æ 0 ffN_Gfiϕ. 3 ffN_HϕN_Gfiϕϖ ffHQFffN_Hϕ♭ fifi ÷ 0 ffN_Gfiϕ. 3 ffN_HϕN_Gfiϕφ ff♭ fi

&RP SRVLWLRQ5 XOHVÆ &2 0 3Æ ςff♭ fiϕςff♮ fi ÷ ςffK♭ ϕ♮ Lfi 8 6( Æ 0 ff♭fi ÷ ςff♭ fiϕ0 ff♭ fi ( 1 &Æ 0 ffN_Hfiϕςff♭ fi ÷ ςffHQFffN_Hϕ♭ fifiϕ0 ffN_Hfi * ( 1 Æ ÷ ≪♭ υ0 ff♭ fi

RI WKHFRP SXWDWLRQfiŒDQLFHSLFWXUHRI WKHWDEOHDXZH XVHDSSHDUVLQ¿¯´fflSDJH˘¸¸@ȷ7KHFRQVWDQWV´ DQGˇ LQı GLFDWHV“ P EROVLQWKHVHFHOOVfflDQGFRQVWDQWVRI WKHIRUP ´υT_L RUˇυT_M LQGLFDWHWKDWWKHFHOOFRQWDLQVDV“ P ERO´ RUˇ DQG LVWKHORFDWLRQ RI WKHWDSHKHDGffl ZLWK P Dı FKLQHLQVWDWHT_L RUT_M ffUHVSHFWLYHO“ fiȷ $ IDFW$GMff♭ ϕ♮ fi P HDQVWKDWFHOO♭ LVDGMDFHQWWR ♮ ffl %HORZff♭^⊇ϕ♭ fi WKDW FHOO♭^⊇ LVEHORZ FHOO♭fflDQG&RQWff♭ ϕFfiWKDWWKHFHOO♭ KDV FRQWHQWVGHVFULEHG E“ FRQVWDQWFfflSRVVLEO“ JLYLQJ WKH P DFKLQHVWDWHLQDGGLWLRQWRWKHV“ P EROFRQWDLQHGLQ WKHFHOOȷ 7KHDWRP LF IRUP XODϖ ffE_ˇ ϕυυυϕE_Nfi P HQWLRQHG LQWKHVWDWHP HQWRI WKHWKHRUHP FDQEHDQDWRP LF IRUı P XODWKDWLVGHULYDEOHE“ DUXOHWKDWUHTXLUHVfflLQLWVK“ ı SRWKHVLVfflWKDWWKH7XULQJ P DFKLQHLVLQDKDOWLQJ VWDWHȷ